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CHAPTER I
LINES, ANGLES, AND TRIANGLES
1.1 LINES
Geometry (from Greek words meaning earth-measure) originally
T
developred as a means of surveying land areas, In its simplest form, it
is a study of figures that can be drawn on a perfectly smooth flat

surface, or plane, It is this plare geometry which we will study in this
B P av T

bock and which serves as a foundation for trigonometry, solid and analytic
geometry, and calculus,

The simplest figures that can be drawn on a plane are the point and
the line, By a EEEE.“E will always mean a straight 33333 Throﬁgh two
distinct points one and only one (straight) line can te drawn, The line
through points A and B will be denoted by<Z§ (Figure 1), The arrows
indicate that the line extends indefinitely in sach dirsction, The line segment
from A to B consists of A, B and that part of zg’between A and B,
It is denoted by AB,* The ray ;g is the part affﬁg which begins at A

-

and extends indefinitely in the direction of B,

S - > - N
A 8 A B A B
- —
line AB line segment AB ray AB

> —
Figure 1, Line AB, line segment AB, and ray AB,

We assume everycne is familiar with the nction of length of a
[ O Wy N

line segment and how it can te measured in inches, or feet, or meters, etec,

The distance tetween two roints A and B is the same as the length of AB,
A T

*Some textbcoks use the notation AB for line segment,
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Two line segments are equal if they have the same length,
R N

In Figure 2, AB = CD,

3  inhches 3 ihches

A B C D

Figure 2, AB = CD,

We often indicate two line segments are equal by marking them in the same way,

In Figure 3, AB = CD and EF = GH,

Li ;o

-~
1
s
[l
Il |
o M

(&%
L
|
&)



Check: AR = CD 3
3x - 4
3(3) - 6 3
—~ .
Q@ -0
i
’J
\nswer: x =3

Notice that in EXAMPLE A we have not indicated the unit of measurement,
Strictly speaking, we should specify that AB = 3x - 6 inches (or feet or
meters) and that BC = x inches, However since the answer would still be
x = 3 we will usually omit this information tc save space,

We say that B is the Tifgﬁiﬁﬁ of AC if B is A point on AC and

AB = BC (see Figure 4),

A B C

Figure 4, B is the midpoint of AC,

EXAMPLE B, Find x and AC if B is the midpoint of AC and AB = 5(x - 3)
and BC = 9 - x,
Solution: We first draw a picture to help visualize the given

information:
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If x = 6 then AB = x° = 6 = 6% = 6 = 36 - 6 = 30,
If x = =1 then AB = (-1)2 -6=1-6=-5,
We reject the answer x = -1 and AB = =5 because the length of a line segment

is always positive, Therefore x = 6 and AB = 30,

Check: AB = BRBC
x2 -6 5%
& 8 5(6)
9 « B 30
30

Answer: AR = 30,

Three points are collinear if they lie on the same line,

5 R 3 .
B c A C;\\
Figure 5, A, B, and C are collinear Figure 6, A, B, and C are not
AB =05, BC =3, and AC = 8 collinear, AB =5, BC =3, AC =6

A, B, and C are collinear if and only if AB + BC = AC,

EXAMPLE D, If A, B, and C are collinear and AC = 7, find x:

" F-2AX L Xl
A B c
Solution: Check:
AB + BC = AC AB + BC = AC
B-2x+x+1=7 B=-2x+x+11}7
G=x=7 8 -2(2)+2+1
2 =x 8 -4+ 3
L + 3
Answer: x = 2 7




Historical Note: Geometry originated in the solution of practical

problems, The architectural remains of Babylon, Egypt, and other ancient
civilizations show a knowledge of simple gecmetric relationships, The
digging of canals, erection of buildings, and the laying out of cities
required computations of lengths, areas, and volumes, Surveying is said
to have developed in Egypt so that tracts of land could be relocated
after the annual overflow of the Nile, Geometry was alsc utilized by
ancient civilizations in their astronomical observations and the
construction of their calendars,

The Greeks transformed the practical geometry of the Babylonians
and Egyptians into an organized body of knowledge, Thales (c, 636 -
c. 546 B.C,), one of the "seven wise men" of antiquity, is credited with
being the first to obtain geometrical results by logical reasoning,
instead of just by intuition and experiment, Pythagoras (c., 582 - ¢, 507
B,C,) continued the work of Thales, He founded the Pythagorean school,
a mystical society devoted to the unified study of philosophy, mathematics,
and science, About 300 B,C,, Euclid, a Greek teacher of mathematics at
the university at Alexandria, wrote a systematic exposition of elementary
geometry called the Elements, In his Elements, Buclid used a few simple

principles, called QEEEEE or postulates, to derive most of the mathematics

known at the time, For over 2000 years, Euclid's Elements has been accepted
as the standard textbook of geometry and is the basls for most other

elementary texts, including this one,



FROBLEMS
Find x if AB = CD:
5x—- 18 ax
A B c D
Find x if AB = CD:
5x = l¢ - 3 X
A B o D

Find x and AC if B is the midpoint of AC and AB = 3(x - 5) and BC = x + 3,

Find x and AC if B is the midpoint of AC and AB = 2x + 9 and BC = 5(x - §),

Find AB if B is the midpoint of AC:

X"~ 10 3x

A 8 A

Find AB if B 1s the midpoint of AC:

X° o+ Lk 5 X

3

A B c

If A, B, and C are collinear and AC = 13 find x:

i AX - | 2.5 TN
A B =

If A, B, and C are collinear and AC = 26 find x:




1.2 ANGLES

An angle is the figure formed by two rays with a common end point,
e T e =

The two rays are called the sides of the angle and the common end point is

ST

called the vertex of the angle, The symbol for angle is .
i T

A B ?
— —
Figure 1, Angle BAC has vertex A and sides AB and AC,

- =
The angle in Figure 1 has vertex A and sides AB and AC, It is

denoted by £ BAC or Z CAB or simply ZA. When three letters are used,
the middle letter is always the vertex, In Figure 2 we would not use the
notation Z A as an abbreviation for Z BAC because it could also mean

Z CAD or Z BAD, We could however use the simpler name Z x for . BAC

if "x" is marked in as shown,

v

A B

Figure 2, £ BAC may also be denoted by L x,



Aingles can be measured with an instrument called a protractor,
L N o

The unit of measurement is.called a degree, The symbol fo
\-"";/\..f“—

4
Ch
{1
9
H
W
(]

is O.

To measure an angle, place the center of the protractor (ofien
marked with a cross or a small circle) on the vertex of the angle,
Position the protractor so that one side of the angle cuts across 0, at
the beginning of the scale, and so that the other side cuts across a point
further up on the scale, We use either the upper scale or the lower scale,
wkichever is more convenient, For example, in Figure 3, one side of . BAC

crosses 0 on the lower scale and the other side crosses 50 on the lower

scale, The measure of / BAC is therefore 50o and we write .~ BAC = 500.

o
Figure 3, The protractor shows £ BAC = 507,

—
In Figure 4, side AD of L DAC crosses O on the upper scale,

=g
Therefore we look on the upper scale for the point at which AC crosses

and conclude that £ DAC = 130°,

W
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A

e

Figure 4, Z DAC = 4307,

EXAMPLE A, Draw an angle of 40° and label it Z BAC,

-
Solution: Draw ray AB using a straight edge:

A 8

N

_%
Place the protractor so that its center coincides with A and AB crosses

the scale at 0:




Mark the place on the protractor corresponding to 400. Label this point C:

Connect A with C:

Two angles are said to be equal if they have the same measure in

A

degrees, We often indicate two angles are equal by marking them in the same

way, In Figure 5, /A= 4B,

v

Vv

A B

m

Figure 5, Equal angles,

1
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An angle bisector is a ray which divides an angle into two equal

T e e N

P
angles, In Figure 6, AC is an angle bisector of L BAD, VWe also

bisects 4 BAD,

R

A -

A%

pr=r,
Figure 6, AC bisects L BAD,

—
EXAMPLE B, Find x if AC bisects £ BAD and /Z BAD = 80°:

.

v

Solution: x° =4 £ BAD = 4(80°) = 40°,

Answer: x = 40,

—
EXAMPLZ C. Find x if AC bisects Z BAD:

v

—
say AC



Solution: L 3BAC = L CAD
l?
=X = 3 +5
> < 2% T 3
- )
(2) 5x = (2)(3x + 5)
7x = 6x + 10
7x - bx = 10
x = 10
Check: L BAC = Z CAD
"Z‘ x° 3x + 50
£ (10)°[ 3(10) + 5°
35° 30 + 5°
35°

Answer: x = 10,
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PRCBLEMS
1 - 6. For each figure, give another name for £ x:
& 2,
A D
A
X X
B c 7 B c
2 L,
C
A E B
& X >
D
6
5 . C'
X
D
A
X
L3 >’ -
b c A D B
7 - 16, Measure each of the indicated angles:
? . 8 .
A
A
/ \
( <. B &
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M

10,

12,

11,

14,

13.

16,

15,
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17 - 24, Draw and label each angle:

17. £ BAC = 30°, 18, / BAC = 40°,
19, / ABC = 45°, 20, 4 EFG = 60°,
21, £ BRsT = 72°, 22, /£ X¥Z = 90°,
23, /PR = 135°, 24, L JKL = 164°,

-
25 - 28, Find x if AC bisects /. BAD:

25, 26,

)'3'00

b 4
-
A

28,

W
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1.3 ANGLE CLASSIFICATIONS

Angles are classified according to their measures as follows:

An acute angle is an angle whose measure is between 0° and 900.
R

S,

A right angle is an angle whose measure is 900, We often use a
A e e

little square to indicate a right angle,

An obtuse angle is an angle whose measure is between 900 and 1800,

e T T S

A straight angle is an angle whose measure is 180°, A straight angle
e, T

is just a straight line with one of its points designated as the vertex,

A reflex angle is an angle whose measure is greater than 1800,

i

Y ' = ~
- 4 /;
acute angle right angle obtuse angle
< ; :> A(///////ﬁr\ ”
straight angle reflax angle

Figure 1, Angles classified according to their measures,

Notice that an angle can be measursd in two ways, In Figure 2,
o o) 5
/. ABC is a reflex angle of 240" or an obtuse angle of 120" depending on
how it is measured, Unless otherwise indicated, we will always assume

] s}
the angle has measurs less than 1807,
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Figure 2, [/ ABC can be measured in two different ways,

Two lines are perpendicular if they meet to form right angles,

& >
In Figure 3, AB is perpendicular to CD, The symbol for perpendicular

— >
is |  and we write ABL CD,

A
TE
90 ——90°
_\J - r_] & 9
A D B
< ey
Figure 3, AB is perpendicular to CD,

The perpendicular bisector of a line segment is a line perpendicular

g S N N

—
to the line segment at its midpoint, In Figure 4, CD is a perpendicular

bisector of AB,

A
 C
- l." [- /f
A E B
tD
v
S



Two angles are called complementary if the sum of their measures

is ¢0°, Each angle is called the complement of the other, For example,

angles of 60° and 30° are complementary,

Figure 5, Complementary angles,

EXAMPLE A, Find the complement of a 40° angle,
Solution: 90° - 40° = 50°,

Answer: 500.

EXAMPIE B, Find x and the complementary angles:

L4

A= ¢

Solution: Since £ BAD = 90°,

x2 +x = 390

o}

x2 + x - 90 = 0

(x = 9)(x+10) = 0O
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Z CAD = x = 9°,
£ BAC = ¥ = 9% = 81°,
Z BAC + £ CAD = 81° + 9% = 90°,
We reject the answer x = =10 besause the measure of an angle is always positive,*
Check, x = 9: Z+x = 90°
9+ 9
81 +9

90°

Answer: x =9, ALCAD = 90, ZBAC = 810.

Two angles are called supplementary if the sum of their measures
B L e N

is 1800. Each angle 1s called the EEEEEEBEEE of the other, For example,

angles of 1500 and 300 ars supplementary,

=

150

156 i
YL . w3 130

A

~
A
-

Figure 6, Supplementary angles,

*In trigonometry, when directed angles are introduced, angles can

have negative measure, In this book, however, all angles will be thoughti of

as having positive measure,



EXAMPLE C, Find the supplement of an angle of 10°,

Solution: 180° - 40° = 140°,

Answer: 1#00.

EXAMPLE D, Find x and the supplementary angles:
=
<

L ux=20/X
A D B

Solution: Since ZADB = 180°,

bx - 20 + x 180°

5x = 180 + 20

5x = 200
x = 40
L ADC = bx - 20 = 4(40) - 20 = 150 - 20 = 140°,
LBDC = x = 40°,
/ ADC + £3BDC = 140° + 40° = 180°,
Check: bx - 20 + x = 180°
B(40) - 20 + 40O
160 - 20 + 40
140 + 40
180°

Answer: x =40, £ADC = 140°,  £BDC = 40°,
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EXAMPLE E, Find x, y, 2z

Solution: x° = 180° - 80° = 100° tbecause x° and 80° are the

measures of supplementary angles,

(o]

y = 180°

- x° =180° - 100° = 80°,

o}

2° = 180° - 80° = 100°,

Answer: x = 100, y = 80, z = 100,

When two lines intersect as in EXAMPLE E, they form two pairs

of angles that are oprosite to each other called vertical angles, In
- e S

Figure 7, / x and / x' are one pair of vertical angles, ./ y and 4 y'
are +the other pair of vertical angles, As suggested by EXAMFLE E,
L x= /Zx'and L y= 27y, To see this in zeneral, we can reason
as follows: [/ x is the supplement of Z y so /Zx = 180° - « v,
£ x' is also the suvplement of L y so Zx' = 180° - « Y. Therefore

/Z x= A4 x'., Similarly, we can show Ly = £ y', Therefore vertical

angles are always equal,



Pl

Ly

Z zZ

Figure 7, £ x, £ x' and Ly, £ y' are pairs of vertical angles,
We can now use "vertical angles are equal" in solving problems:

EYAMPLE E (repeated), Find x, y, and z:

Solution:

fo) o o o
180" - 80~ = 100" because £ x is the supplement of 80,
80° tecause vertical angles are equal,
L X = 1000 because vertical angles are equal,

Answer: x = 100, y = 80, z = 100,
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2
Solution: Since vertical angles are equal, 10x™ = 40°,
2

Method 1: 10x™ = 40 Method 2: 10x~ = 40
10x> - 40 = 0 10x° - ko
> 10 10
(10)(x" = 4) = 0 >
2 X = 4
x =4 = 0
x = *t2

(x+2)(x=-2) = 0
x+2=0 Xx=-2=0
x = =2 x =2
If x = 2 then £ AEC = 10x> = 10(2)% = 10(4) = 40°,
If x = =2 then Z AEC = 10x° = 10(-2)% = 10(4) = 40°,
We accept the solution x = =2 even though x is negative because the value of

the angle 10x° is still positive.

Check, x = 2; Check, x = =2:
105> = 4o° 10x° = 140°
10(2)? 10(-2)?
40 10

Answer: X =2 or X = =2,

EXAMPLE G, In the diagram, AB represents a mirror, CD represents
a ray of light approaching the mirror from C, and E represents the eye
of a person observing the ray as it is reflected from the mirror at D,

According to a law of physics, ZCDA, called the EEg}g of incidence, equals

£ EDB, called the angle of reflection, If LCIE = 600, how much 1s the

N

angle of incidence?
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Solution: Let xo = / CDA = £ EDB,

180

x + x + 60

2x + 60 = 180

2x = 120

60

x

Answer: 600.

Note on Theorems and Postulates: The statement "vertical angles are

always equal” is an example of a theorem, A EBEEEEE is a statement which we
can prove to be true, A EEEB§ is a process of reasoning which uses statements
already known to be true to show the truth of a new statement, An example
of a proof is the discussion preceding the statement "vertical angles arse
always equal," We used facts about supplementary angles that were already
known to establish the new statement, that "vertical angles are always equal,”
Ideally we would like to prove all statements in mathematics which
we think are true, However before we can begin proving anything we need
some true statements with which to start, Such statementis should be so
self-evident as not to require proofs themselves, A statement of this
kind, which we assume to be true without proof, is called a EEEEEEEEE or
an EEEEE' An example of a postulate is the assumption that all angles can
te measured in degrees, This was used without actually being stated in our
proof that "vertical angles are always egual,”
Theorsms, procfs, and postulates constitute the heart of mathematics

and we will encounter many more of them as we continue our study of geometry,
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PROBLEMS

1, Find the complement of an angle of

(2) 37° (b) 45° (c) 53° (a) 60°

2, Find the complement of an angle of

(a) 30° (b) 40° (e) 50° (a) 81°

3 - 6, Find x and the complementary angles:

34 ' L, A

5X

7. Find the supplement of an angle of

(a)30° (v) 37° (c) 90° (@) 120°

8, Find the supplement of an angle of

(a) 45°

(v) 52° (c) 85° (4) 135°
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9 = 14, Pind x and the supplementary angles:

9, 10,

{ 2
A
11,
A
13.
A
C. IJC
)(Q_Qo IO X X %
A D B A D B

15 - 22, Find x, y, a2nd z:

15. 16,
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57

19.

21,

23 - 26, Find x:

23,




25, 26,

27, Find the angle of incidence, / CDA:

28, Find x if the angle of incidence is 40°:

A e

29
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1,4 PARALLEL LINES

Two lines arxe parallel if they do not meet, no matter how far they

e e e

— <
are extended, The symbol for parallel is |!l, In Figure 1, ABICD, The

arrow marks are used to indicate the lines are parallel,

A . 6 F
4
< R D P
7 E H
— — > >
Figure 1, AB and CD are parallel, FPigure 2, EF and GH are not
They do not meet no matter how far parallel, They meet at point P,

they are extended,

We make the following assumption about parallel lines, called the

rarallel postulate:

B e

Through a point not on 2 given line one and only one line can be
drawn parallel to the given line,
So in Figure 3, there is exactly one line that can be drawn through

s
C that is parallel to AB,

e -
0o

>
Tigure 3, There is exactly one line that can be drawn through C parallel ic AB,



LS )
>

2

lrm

is a transversal,

A transversal is a line that intersects two other lines at t

two
e S N N
T . Soin
distinct points, In Figure 4, EF is a transversal, &£x and £ x' are
. v = 2 ; 5 : ;
called alternate interior angles of lines AR and CD, The word "aliernate,"
e e e, e S, iy

here, means that the angles are on different sides of the transversal, one
e e . e o
angle formed with AB and thes other formed with CD,

means that they ares between the two lines, Notice that they form the

g 5)., £y and £y' are also alternate interior angles,

They also form a "Z" though it is stretched out and backwards,

Viewed fron

the side, the letter "Z" may also loock like an "N,"

e - 3 L o ey gl 4 ! T
letters may bve streiched out or backwards



32
Alternate interior angles are important because of the following

theoren:

THECREM 1 (The "Z" Theorem), If two lines are parallel then their
alternate interior angles are equal, If the alternate interior angles of
two lines are equal then the lines must be parallel,

In Figure 6, ig.must be parallel to EE because the alternate interior
angles are both 300. Notice that the other pair of altermate interior
angles, £y and £ y', are also equal, They are both 150°, 1In Figure 7,

the lines are not parallel and none of the alternate interior angles are

equal,

Figure 6, The lines are parallel Figure 7, The lines are not
and their alternate interior parallel and their alternate
angles are equal, interior angles are not equal,

The proof of THEOREM 1 is complicated and will be deferred to the

avpendix,



EXAMFLE A, Find x, y and 2: 33

o
Solution: ABIICD since the arrows indicate parallel lines,

x° = 40° because alternate interior angles of parallel lines are equal,

© = 2% = 180° - 40° = 140°,

)
il

Answer: x = 40, y = 140, z = 140,

Corresponding angles of two lines are two angles which are on the
R W SRS o i S N e
same side of the two lines and the same side of the transversal, 1In
> Rt
Figure 8, £ w and £ w' are corresponding angles of lines AB and CD, They
form the letter "F." /x and<x', Zy and <y', and £z and <2z' are

s —
other pairs of corresponding angles of AB and CD, They all form the letter

“F," though it might be a backwards or upside down "F" (Figure 9),

L

=

M

Figurs 8, Four pairs of corresponding angles are illustrated,



Figure 9, Corresponding angles form the letter "F," though it may be a

backwards or upside down "F,"

Corresponding angles are important because of the following theorem:

THEOREM 2 (The "F" Theorem), If two lines are parallel then their
corresponding angles are equal, If the corresponding angles of twe lines

are equal then the lines must be parallel,

EXAMPLE B, Find x:

~

/"
t¢-—-

- >
Solution: The arrows indicate ABH CD, Therefore x° = 110o because

x° and 110° are the measures of corresponding angles of the parallel lines

S~ =
AB and CD,

Answer: x = 110,


http:correspondi.-.ig
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F/
o ;'Ir
fe_/
& o H/ 70° B
e
"o’ .
s N 6/ 70 D
A0
E

Figure 10, BEach pair of corresponding angles is equal,

Notice that we can now find all the other angles in EXAMPLE E,
Each one 1is either supplementary to one of the 110° angles or forms equal
vertical angles with one of them (Figure 10), Therefore all the corresponding
angles are equal, Also each pair of alternate interior angles is equal,
It is not hard to see that if just one pair of corresponding angles or
one pair of alternate interior angles are equal then so are all other pairs

of corresponding and alternate interior angles,

Proof of THECREM 2: The corresponding angles will be equal if the
alternate interior angles are equal and vice versa, Therefore THEOREM 2

follows directly from THEOREM 1,

In Figure 11, gx and /X' are called interior angles on the same
——— e~

M e e

side of the transversal,* <y and 4 y' are alsc interior angles on the same

e e

side of the transversal, Notice that each pair of angles forms the letter "C,"

Compare Figure 11 with Figure 10 and also with EXAMPLE A, The following

theorem is then apparent:
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Figure 11, Interior angles on the same side of the transversal form the

letter "C," It may also be a backwards "C."

THEOREM 3 (The "C" Theorem), If two lines are parallel then the
interior angles on the same side of the transversal are supplementary
(they 2dd up to 180°), If the interior angles of two lines on the same

side of the transversal are supplementary then the lines must be parallel,

EXAMPLE C, Find x and the marked angles:

Solution: The lines are parallel so by THEORZM 3 the two labelled
angles must be supplementary,

x + 2x + 30 = 180

Il

3x + 30 = 180

3x = 180 - 30

150

50

3x

]

X
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LCHG = x = 50°,
ZAGH = 2x + 30 = 2(50) + 30 = 100 + 30 = 130°,
Check: x + 2x + 3x = 180°
50 + 2(50) + 30
50 + 130

180

Answer: x = 50, LCHG = 50°, ZAGH = 130°,

o H
EXAMPLE D, Find x and the marked angles: \
C

%

A 3X+%W B
=

Solution: £ BEF = 3x + 40° because vertical angles ars equal,
£ BEF and ZDFE are interior angles on the same side of the transversal, and
therefore are supplementary because the lines are parallel,
3x + 40 + 2x + 50 = 180
5% + 90 = 180
5x = 1380 - 90

5x = 90
x = 18
LAEG = 3x + b0 = 3(18) + 40 = 54 + 40 = o4°,
[ DFE = 2x + 50 = 2(18) + 50 = 36 + 50 = 86°,
Check: 3x + 40 + 2x + 50 = 180

3(18) + 40 + 2(18) + 50
54 4+ 40 + 36 + 50
oL + 86

180

Answer: x = 18, £AEG = ou°, L DFE = 86°,
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EXAMPLE B, List all pairs of

W

alternate interior angles in the
diagram, (The single arrow indicates

& <
AB 1is parallel to CD and the double

v

£
arrow indicates AD is parallel to A B

L
BC,)

Solution: We see if a letter Z or N can be formed using the line

segments in the diagram (Figure 12),

Figure 12, Forming the letter Z or N from the line segments in the diagram,

4
Answer: /DCA and ZCAB are alternate interior angles of lines AB and

<> <
CD, /DAC and /ACR are alternate interior angles of lines AD and BC,

EXAMPLE F, A telescope is pointed at a star ?Oo above the horizon,
What angle x° must the mirror BD make with the horizontal so that the star

can be seen in the eyepiece E7
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B A

Solution: x° = Z BCE because they are alternate interior angles
) - S w 0
of parallel lines AR and CE, /A DCF = L BCE = x because the angle of

incidence 1s equal to the angle of reflection, Therefore

x + 70 + x =180
2x + 70 = 180
2% =410
x = 55
Answer: 550,
SUMMARY

Alternate interior angles of parallel

lines are equal, They form the

letter "z,"




Lo

Corresponding angles of parallel

>

lines are equal, They form the
> N letter "F."

& Interior angles on the same side
of the transversal of parallel
lines are supplementary, ' They
form the letter "C,"

i >

Historical Note: The parallel postulate given earlier in this section

is the equivalent of the fifth postulate of Euclid's Elements, Euclid was
correct in assuming it as a postulate rather than trying to prove it as a
theorem, However this did not become clear to the mathematical world until
the nineteenth century, 2200 years later, In the interim, scores of
prominent mathematicians attempted unsuccessfully to give a satisfactory
proof of the parallel postulate, They felt that it was not as self-evident
as a postulate should be, and that it required some formal justificationm,
In 1626,N, I, Lobachevsky, a Russian mathematician, presented a
system of geometry based on the assumption that through a given point more
than one straight line can te drawn parallel to a given line (see Figure 13),
In 1854, the German mathematician Georz Bernhard Riemann prorosed a system

of geometry in which there are no parallel lines at all, A gecmetry in



W
which the parallel postulate has been replaced by some cther postulate is

called a non-Euclidean geometry, The existence of these geometries shows

that the parallel postulate need not necessarily be true. Indeed Einstein
used the geometry of Rlemann as the basis for his theory of relativity,

Of course our original parallel postulate makes the most sense for
ordinary applications, and we use it throughout this book, However, for
applications where great distances are involved, such as in astronomy,
it may well be that a non-Euclidean geometry gives a better approximation

of physical reality,

>C-.<

Figure 13, 1In the geometry of Lobachevsky, more than one line can be drawn

through C parallel to AB,
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PROBLEMS
For each of the following, statethe theorem(s) used in obtaining your answer
(for example, "alternate interior angles of parallel lines are egqual"),

Lines marked with the same arrow are assumed to be parallel,

1 -2, Find x, y, and z:

2 €
A & B
T 1359\ X°
. VYNZ
& 7 Pf\\\\\ D
F‘
L £
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P \
XO
c 50

J x° A
H p
9, 10, F
VAR
}.q H 5N x B D
E x° 120 F

ra

130° / °
< oAx _ 0D /@ /H
A C

c
11 - 18, Find x and the marked angles:

11, 12,

//  ax-31°
|~
G N X C HP 2%+ 5 _P

4

jant

13. 14,
PR
=
-
3%-50, -
AX+IO
A C 3X-130° D

g?\‘xth



15, 16,

X +17°
.

M
rd
N
g
.

19 - 26, For each of the following, list all pairs of alternate interior
angles and corresponding angles, If there are none, then list all pairs of
interior angles on the same side of the transversal, Indicate the parallel
lines which form each pair of angles,

19. 20,

N
- 8
D/>\

LN

A B

21, 22,

D " c
A 4 2
B E
% _
A D
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23, 2L,

- B A 2
26,
e
/
;%X
A " F B

A

5'_9 c . E
y. T8

27. A telescope is pointed at

2

a star 500 above the horizon,
¥hat angle x° must the mirror
BD make with the horizontal
so that the star can be seen

in the eyepiece E?

28, A periscope is used by sailors E;?T____
rF _____

in a submarine to see objects on I
the surface of the water, If i
L ECF = 900, what angle x° does

the mirror BD make with the horizontal?
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1.5 TRIANGLES

A triangle is formed when three straight line segments bound a portion
W

of the plane, The line segments are called the sides of the triangle,
———— e e A
A point where two sides meet is called a vertex of the triangle, and the
T e e, eert——
angle formed is called an angle of the triangle, The symbol for triangle
M e e ee————
is A,
The triangle in Figure 1 is denoted by AABC (or ABCA or ACAB, ete,).

Its sides are AB, AC, and BC, 1Its vertices are A, B, and C, Its angles

are /A, /B, and ZC, C,

A B
Figure 1, Triangle ABC,

The triangle is the most important figure in plane geometry, This
is because figures with more than 3 sides can always be divided into triangles
(Figure 2), If we know the properties of a triangle, we can extend this

knowledge to the study of other figures as well,

Figure 2, A closed figure formed by more than 3 straight lines can bte divided

into triangles,



47
A fundamental property of triangles is the following:
THECREM 1, The sum of the angles of a triangle is 1800,

In AABC of Figure 1, /A + /B + £C = 180°,

EXAMPLE A, Find £C: o
WO 60°
A B
Solution: LA+ LB+ /C=180°
50° + 60° + £c = 180°
100° + £ ¢ = 180°
/¢ =180° - 100°
zc = 80°

Answer: ZC = 800.

Procf of THECREM 1: Through C draw DE parallel to AB (see Figure 3),
Note that we are using the parallel postulate here, /1 = ZA and £3 = £B
because they are alternate interior angles of parallel lines, Therefore

A+ LB+ LC=/1+ 23+ L2 =180°,

A

Figure 3, Through C draw DE parallel to AR,
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We may verify THEOREM 1 by measuring the angles of a triangle with
a protractor and taking the sum, However no measuring instrument is
perfectly accurate, It is reasonable to expect an answer such as 179°,
o

1827, 180.50, ete, The purpose of our mathematical proof is to assure us

that the sum of the angles of every triangle must be exactly 1800,

EXAMPLE B, Find x:

A

Solution: LA+ (B+ (C = 180

2x + 3x + 4x = 180

9x = 180
x = 20
Check: LA+ /B+ 4C = 180°

2% + 3x 4 U4x
2(20) + 3(20) + 4(20)

40° + 60° + 80°

180°

Answer: x = 20,

EXAMPLE C, Find y and x:




L9

Solution: 50 + 100 + y = 180
150 + y = 180
y =180 - 150

y =30

180 - 30 = 150

%
]

Answer: y = 30, x = 150,

In Figure 4, / x is called an exterior angle of A ABC, /A, ZB,

and £/ y are called the interior angles of AABC, /A and /B are said to

e

be the interior angles remote from the exterior angle / x, The results of
e

EXAMPLE C suggest the following theorem:

B

X

A C D
Figure 4, / x is an exterior angle of A ARBC,
THECREM 2, An exterior angle is equal to the sum of the two remote

interior angles,

In Figure 4, /x = LA + /3B,

EXAMPLE C (repeated), Find x: 2
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Solution: Using THEOREM 2, x° = 100° + 50° = 150°,

Answer: x = 150,

Proof of THEOREM 2: We present this proof in double-column form,
e

S e e,

with statements in the left column and the reason for each statement in the

right column, The last statement is the theorem we wish to prove,

Statements Reasons
1, LA+ £B+ £y =180°, 1, The sum of the angles of a triangle
is 180°,
2, LA+2+23B=180"° - 2y, 2, Subtract « y from both sides of the

equation, statement 1,

]

3. 2 x =180° - £ V. 3, £ x and £ y are supplementary,

LA+ /B, 4, Both £ x (statement 3) and LA + /3B

=
N
"
1}

(statement 2) equal 180° - /v,

EXAMPLE D, F

Solution: /BCD is an exterior angle with remote interior angles

/A and Z B, By THEOREM 2,

/BCD = LA+ /3B

wliS

X=Xt 2
3 ]
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The lowest common denominator (1, ¢, d.) is 15.

3 5
(59 L2 < - (457 3% + (15) x + (15)(2)

36x = 20x + 15x + 30
36x = 35x + 30
36x - 35x = 30
x =30
Check: "LBCD = A+ /LB
| %5 X % X+ x+2
L2 (300 | %(0)+30+2
72° 50° + 32°
720

Answer: x = 30,

Qur work on the sum of the angles of a triangle can easily be extended

to other figures:

EXAMPLE E, Pind the sum of the angles of a quadrilateral (four-
sided figure),

Solution: Divide the quadrilateral into two trlangles as illustrated,
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LA+* LB+ LC+4D =LA+ L1+ L3+ 22+ LB +4£C

180° + 180°

o}

360

Answer: 360°,

EXAMPLE F, Find the sum of the angles of a pentagon (five-sided
figure),

Solution: Divide the pentagon into three triangles as illustrated,
The sum is equal to the sum of the angles of the three triangles = (3)(180°) =

5407,

Answer: 540°,

There is one more simple principle which we will derive from THEOREM 1,

Consider the two triangles in Figure 5,
(o

A B 0 E

Pigure 5, Each triangle has an angle of 60° and 40°,
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We are given that ZA = £D = 60° and /3 = ZE = 40°, A short calculation

shows that we must also have £ C = /L F = 800. This suggests the following

theorem:

THEOREM 3, If two angles of one triangle are equal respectively
to two angles of another triangle, then their remaining angles are also
equal,

In Figure 6, if ZA = 4D and /B = /LE then /C = [/F,

Proof’:

2,0 =180° - (LA + £B) =180° - (/D + LE) = /F,
%

M

2

A B D

m

Figure 6, /A = 4D and /B = /E,

Historical Note: Our THEOREM 1, which states that the sum of the

angles of a triangle is 1800, is one of the most important consequences of
the parallel pecstulate, Therefors,one way of testing the truth of the

parallel postulate (see the Historical Note in section 1.4) is to test

the truth of THECREM 1, This was actually tried by the German mathematician,
astronomer, and physicist, Karl Friedrich Gauss (1777 - 1855), (This is
the same Gauss whose name is used as a unit of measurement in the theory

of magnetism), Gauss measured the sum of the angles of the triangle
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formed by three mountain peaks in Germany. He found the sum of the angles

to be 14.85 seconds more than 180° (60 seconds = 1 minute, 60 minutes
1 degree), However this small excess could have been due t& experimental
error, so the sum might actually have been 1800,

Aside from experimental error, there is another difficulty involved
in verifying the angle sum theorem, According to the non-Euclidean geometry
of Lobachevsky, the sum of the angles of a triangle is always less than 1800.
In the non=Buclidean geometry of Riemann, the sum of the angles is always
more than 180°, However in both cases the difference from 180° is insignificant
unless the triangle is very large, Neither theory tells us exactly how
large such a2 triangle should be, Even if we measured the angles of a very
large triangle, like one formed by three stars, and found the sum to be
indistinguishable from 1800, we could only say that the angle sum theorem
and parallel postulate are apparently true for these large distances,
These distances still might be too small to enable us to determine which

geometric system best describes the universe as a whole,
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PROBLEMS

1 - 12, Find x and all the missing angles of each triangle:

1, - 2,
XD
50° Y50
A 8
3! LL‘
B. :
xO XO
5% 90 ‘ 30° -
A C A c
5 D 6
50
A —
80 C E
XO
B
7 8
c
A%
X ‘A%




13 - 14, Find x, y, and z:
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P, 18,
B
SX
2
H-X=io
e X+10
D D . A

19, >
C

21, Find the sum of the angles of a hexagon (6-sided figure),
22, Find the sum of the angles of an octagon (8-sided figure).

23 = 26, Find x:

D c
i 8 c. 2l v 2
xﬂ
X’ % X X°
A B A A
25, 26,
E P
/ \x
- i / 0 \‘.\
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1.6 TRIANGLE CLASSIFICATICNS

Triangles may be classified according to the relative lengths of

their sides:

An equilateral triangle has three egual sidss,

T T
An isosceles triangle has two equal sides,

i T
A scalene triangle has no equal sides,
4 4 3/ \3

) 3
i = -

Equilateral Isosceles Scalene

Figure 1, Triangles classified according to their sides,

Triangles may also be classified according to the measure of their

angles:

An acute triangle is a triangle with three acute angles,
S

An obtuse triangle is a triangle with one obtuse angle,
R

An equiangular triangle is a triangle with three equal angles,
M e T

Bach angle of an equiangular triamgie must

that equiangular triangles are the same as

Acute Cbtuse

be 60°, We will show in section

equilateral triangles,

c

7o

4’:" oC

Equiangular

4

Figure 2, Triangles classified according to their angles,

2.5
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A right triangle is a triangle with one right angle, The sides of the

—

right angle are called the legs of the triangle and the remaining side is

A

called the hypotenuse,

e S S,

hYFoTeMusc

- Pigure 3, Hight triangles,

EXAMPLE A, PFind x if A ABC 1is isosceles with AC = BC:

C
| 2
At g AX-Z
A B
Solution: x+3+ = 2x-%
(@) (x+3) = (2)(2x - 3)
2x + 2(3) = (2)(2x) - (2)(3)
2x +1 = bx -1
1 +1 = 4x -2x
2 = 2x
1 = x
Check: x+ 3+ = 2x-4%
143 2L} =
iz 2 - %

13
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Answer: x =1,

EXAMPLE B, A ABC is equilateral, Find x: C
\
\\
b Y
X
;1*5 \
A X B
=+ 7
X .
Solution: : > + 5 3 + 7

(6)G+5 = (6)(5+7)
(6)3) + (6)(5) = (6)(5) + (6)(7)
3% + 30 = 2x + 42

3x = 2x = 42 - 30

x = 12
Check: % +5 = % ¥ 7
£.5 %4’7
645 b+ 7

11 11

Answer: x = 12,

An altitude of a triangle is a line segment from a vertex perpendicular
e e
to the opposite side, In Figure 4, CD and GH are altitudes, Note that

altitude GH lies outside AEFG and side EF must be extended to meet it,
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c
i\l

nl

A p B £ F H

Figure 4, CD and GH are altitudes,

A median of a triangle is a line segment from a vertex to the midpoint of
the opposite side, In Figure 5, CD is a median,
An angle bisector is a ray which divides an angle into two =squal

-
angles, In Figure $,CD is an angle bisector,

A D B

-
Figure 5, CD is a median, Figure 6, CD is an angle bisector of
£ ACB,

EXAMFLE C, Find AB if CD is a median:
&

//

)
/
=0

-3
s

0 X
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Solution:

Check, x = 0

We reject the answer x = 0 because the length of a line segment must be

x = 10x

(x)(x =10) = 0
x = 0 or x-10 = 0
x = 10
AD = DB Check, x = 10: AD
x2 10x x2
0® | 10(0) 10%
0 0 100

greater than 0, Therefore AB = AD 4+ DB = 100 + 100 = 200,

Answer: AB = 200,

—_—
EXAMPLE D, Find AZACB if CD is an angle bisector:

Solution:

C

X/ kX

M~
-
Q
]}
]

£ BCD

IB
10x
10(10)

100



63

Check, x = 0:  £ACD = ~BCD Check, x = 5: LACD = /BCD
x2 + x 6x | 2 + x 6x
?+0 | 60) 245 | 605
0 0 30 30

We reject the answer x = 0 because the measures of /ACD and / BCD must be
greater than 0°, Therefore ZACB = /ACD + ~BCD = 30° + 30° = 60°,

Answer: [JACB = 600,

The perimeter of a triangle is the sum of the lengths of the sides,

The perimeter of AABC in Figure 7 is 3 + 4 + 5 = 12,

C

%)
_.I}.

p\ 5' B

Figure 7, The rperimeter of AABC is 12,

THECREM 1, The sum of any twc sides of a triangle is greater

than the remaining side,

For example, in Figure 7, AC + BC = 3 + 4 > AB = 5,

Procf of THEOREM 1: This follows from the postulate that the

shortest distance tetween twec points is along a straisht line, For example,
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in Figure 7, the length AB (a straight line segment) must be less than the

combined lengths of AC and CB (not on a straight line from A to B),

EXAMFLE E, PMind the perimeter of the triangle in terms of x,

Then find the perimeter if x = 1:

C

A \.__.L.——-wv—-q.\v__.;._._.._._ﬂ.____i B

Solution: X+2
_ 4
Perimeter = 2 3 £ 4 & I 2 + 4 (1, c, &, = 12)
(4)(3

12 = 4x +3x+6 + 6
12

2L - x
12

24 = x 24 -1 23
12 12 i2. *

2L - x

2k = x 23
2 r 427

Answer:



PROBLEMS

1 =2, Find x if AABC is isosceles with AC = BC:

1, C 2, (=

. ax- 5 X HK =
x*/\ ’ /\\
A B A B

3 -4, Find x if L ABC is equilateral:

o<
Mlx
s
F
Lttt
;)_

A B AT Y 8

5 = 6, Pind AB if CD is a median:

5.

65
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=
7 = 8, Find ZACB if CD is an angle bisector:
?l 8.
9 - 10, Find the perimeter of the triangle in terms of x. Then find the
perimeter if x = 4;
9. 10, S
T J'Ir\
1 |||/ _
- \ x| %
Sx-4 X+2 =3 \X
2 ¢! \
% [ \
i \ | X
A X+ 8 A 3X g
“x T
Find x if the perimeter

12,

Find x if the perimeter
of AABC is 11,

11,
of AABC is 33,
/f‘ c
\\ / \
el \ 2L X/ \3)<-'—+
' \ / \2
/ \
5 B A AXPL B
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CHAPTER II

CCNGRUENT TRTIANGLES

2.4 THE CCNGRUENCE STATEMENT

Two triangles are sald to be congruent if one can be placed cver the
B

other so that they coincide (fit together), This means that congruent
triangles are exact copries of each other and when fitted together the sides
and angles which coincide, called W if—i'i?: and angles, are equal,
In Figure 1, AABC is congruent to ADEF, The symbol for congruence
is = and we write AABC = ADEF, /A corresponds to 2D, £B corresponds

to /E, and /C corresponds to £F, Side AB corresponds to DE, BC corresvonds

to EF, and AC corresponds to DF,

C

Figure 1, A ABC is congruent to A DEF,

In this book the congruence statement AABC = ADEF will always
te written so that corresponding vertices appear in the same order,
Por the triangles in Figure 1, we might also write ABAC = AZDF or

A ACB = ADFE but never for example AABC = A EDF nor AACB = ADEF,*

*Be warned that not all textbecoks follow this practice, Many authors will
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Therefore we can always tell which parts correspond just from the
congruence statement, For example, given that AABC = ADEF, side AB
corresponds to side DE because each consists of the first two letters,
AC corresponds to DF because each consists of the first and last letters,

BC corresponds to EF because each consists of the last two letters,

EXAMPLE A, If APQR = A STR

(1) 1list the corresponding angles and sides;

E
(2) find x and y,
G
0 3
i R ¥ S
X
Solution: .
Q
(1) APRR ASTR
LP = /S8 (first letter of each triangle in congruence statement)
LA = /7T (second letter)
/PRQ = £SRT (third letter, We don't write "/ZR = /R" since
each ZR is different)
PQ = ST (first two letters)
PR = SR (first and last letters)
QR = TR (last two letters)

write the letters without regard to the order, If that is the case then we

cannot tell which parts correspond from thes congruence statement,



(2) x= Py = ST = 6,

<
1]
i
wn
o
]
(o8}

I}
o

«“

]
w

Answer (2) : x

EXAMPLE B, Assuming AI = AII, write a congruence statement for

ATI and ATI: s

Q

60
A
Solution:
AT KT
LA = LB (voth = 60°)
LACD = L 3BCD (both = 30°)
LADC = /BDC (both = 90°)
| Tod
[ %0 — v 1
Therefore A ACD = B C D,

¥
Answer: A ACD = ABCD,

EXAMPLE C, Assuming AI = AII, write a congruence statement for

AT and AII:
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/ﬁ

A

Solution: The angles that are marked the same way are assumed to

be equal,
Al ATI
LA = /B (both marked with one stroke)
ZACD = LBCD (voth marked with two strokes)
LADC = /£BDC (both marked with three strokes)

The relationships are the same as in EXAMFLE B,

Answer: AACD = A BCD,



PROBLEMS
1 - 4, PFor each pair of congruent triangles
(1) 1list the corresponding sides and angles;
(2) find x and y,

1, AABC Z ADEF:

A B D E

2. QPR 2 ASTU:

QL
5
Y
3
P X R U IS T

;

71
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5 - 10, Write a congruence statement for each of the following, Assume the

triangles are congruent and that angles or sides marked in the same way are equal,

5. 6,
R T B

i
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2,2 THE SAS THEOREM

We have said that two triangles are congruent if all their correspond=-
ing sides and angles are equal, However in some cases, it is possible to
conclude that two triangles are congruent, with only partial information
about their sides and angles,

Suppose we are told that AABC has /A = 530, AB = 5 inches, and
AC = 3 inches, Let us attempt to sketch AABC, We filrst draw an angle of
53° with a protractor and label it £A, Using a ruler, we find the point
5 inches from the vertex on one side of the angle and label it B, On the
other side of the angle, we find the point 3 inches from the vertex and
label it C, See Figure 1, There is now only cne way for us to complete
our sketch of AABC, and that is to connect points B and C with a line
segment, We could now measure BC, /B, and ZC to find the remaining

parts of the triangle,

A ) D E

Figure 1, Sketching AABC, Figure 2, Sketching ADEF,

Suppose now ADEF were another triangle, with £ZD = 530, DE = §

inches, and DF = 3 inches, We could sketch ADEF just as we did AABC,



e
and then measure EF, /E, and £F (Figure 2), It is clear that we must
have BC = EF, /B = /E, and 4£C =/F because both triangles were drawn
in exactly the same way, Therefore AABC = ADEF,

In AABC, we say that /A is the angle included between sides AB
and AC,

In ADEF, we say that £D is the angle included between sides DE
and DF,

Qur discussion suggests the following theorem:

THEOREM 1 (SAS or Side-Angle-Side Theorem), Two triangles are
congruent if two sides and the included angle of one are equal respectively
to two sides and the included angle of the other,

In Figures 1 and 2, AABC = ADEF because AB, AC, and /A are
equal respectively to DE, DF, and 4D,

We sometimes abbreviate THEOREM 1 by simply writing SAS = SAS,

EXAMPLE A, In APQR name the angle included between sides
(1) Pq and GR,
(2) PQ and PR,
and (3) PR and QR,

Solution: Note that the included angle is named by the letter
that is common to btoth sides, For (1), the letter "Q" is common to Pg
and OR and so £Q is included between sides PQ and QR, Similarly
for (2) and (3).

Answer: (1) zq, (2) 4P, (3) ZR,
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EXAMPLE B, For the two triangles in the diagram
(1) 1ist two sides and an included angle of each triangle that are
respectively equal, using the information given in the diagram,
(2) write the congruence statement,
and (3) find x by identifying a pair of corresponding sides of the

congruent triangles,

D c

Solution: (1) The angles and sides that are marked the same way in the

diagram are assumed to be equal, So (B in AABD is equal to 4D in ABCD,

Therefore "B" correspvonds to "D," We also have AB = CD, Therefore "A" must
correspond to "C," Thus,if the triangles are congruent, the correspondence
must be

AABD = ACDB,

T T

Finally, 3D (the same as DB) is a side common to both triangles, Summaryzing,

AABD ACDB
Side AB = CD (marked = in diagram)
Included Angle B = &1 (marked = in diagram)
Side BD = DB (common side)

(2) AABD = ACDE because of the SAS Theorem (SAS = SAS),
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(

3)
and third letters in the congruence statement) and corresponding sides of

congruent triangles are egual,

1) AR, 4B, BD of AABD CD, &£D, DB of ACDB,
AABD £ ACDB,

)
(3) x = AD = CB = 10,

EXAMPLE C, For the twq triangles in the diagram
(1) 1ist two sides and an included angle of each triangle that are
respectively equal, using the information given in the diagranm,
(2) write the congruence statement, and
(3) find x and y by identifying a pair of corresponding sides of the

congruent triangles,

0

Soluticn: (1) AC = CE and BC = CD because they ars marked ihe same

x = AD = CBR = 10 because AD and CB are corresponding sides (first

v 1 o = 2 1 =T ~O . 3

way. We zlsc know that ZACB = £ECD = 507 because vertical angles zrs squal,
Y £ [IFall] > ™t . 3 ~y = J AT o2 Y o fA —, ¥ S
Thersfore "C" in AABC corrzsponds to "C" in ACDE, Since AC = (3, we must
have that "A" in AABC corresponds to "E" in CDE, Thus, if the triangles &



congruent, the correspondence must be

-
N

S

-

>
L=
L
A

A AEBC
I
We summarize:
A ABC AEDC
Side AC = EC
Included Angle ZACB = LECD
Side BC = DC

(2) AABC = AZEDC because of the SAS Theorem (SAS

(3) ZA = LE and LB = LD because

Il

the congruent triangles, /D

must be 180°%, ( £D = 180° - (50° + £5°) = 180° - 95

(marked = in diagram)

(vertical an

gles

are =)

(marked = in diagram)

they are corresgondin

system of two eguations in the two unknowns X and y:

Il
~
=1
&%
“

+

<

i

=
\n

LA

o | " & " ——
85" because the sum of the angles of AZD

obtain a

© 550). e

> -10x - Sy = -225
> 3x+5y= 85
_?X = -‘,!“’O

x = 20

Sukstituting for x in the first original equation,

&

-
2

5

5]
T
(§V]
[
S
+

=
(]
o

i
n

iy
\n

gy = A
\n

o
n

L

o
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Check:
LA = L& 2B = ZD
2x ¥ ¥ 1,50 3x + 5y 55°
2(20) + 5 3(20) + 5(5)
Lo + 5 60 + 25
45° 85°
Answer:

(1) AC, LACB, 3C of AARC

I
3]
Q2
[N
3]
Q
%)
&}
Q
o
h
C
Q

(2) QAABC = AZEDC,

(3) x=20, y =35,

23}

HAVPLE D, The following procedurs was used to measure the distance
AB across a pond; From a point C, AC and BC were measured and found to te
80 and 100 feet respectively, Then AC was extended to = so that AC = CE
and BC was extended to D so that BC = CD, Finally, DE was found to be 110
Teet,

(1) Write the congruence statement,

(2) Give a reason for (1).

(3) Find AB,

o0 g0

o C

§0 jo0



Solution:
(1) ZACB = LECD because vertical angles are equal, Therefore

the "C's" correspond, AC = EC so A must correspond to E, We have

| - 1
AABC — AEDGC,
L ( {3

(2) SAS = SAS, Sides AC, BC, and included angle C of A ABC are
equal respectively to sides EC, DC, and included angle C of A EDC,

(3) AB = ED bvecause they are corresvonding sides of congruent
triangles, Since ED = 110, AB = 110,

Answer:
(1) AaBc = Asznc,
(2) SAS = SAS: AC, «£C, BC of AABC = EC, /C, DC of AEDC,

(3) AB = 110 feet.

Historical Note: The SAS Theorem is Proposition 4 in Euclid's

Zlements, Both our discussion and Zuclicd's proof of the SAS Theorem
implicitly use the following principle: If a gecmetric censtruction

is repeated in a different location (or what amounts to the same thing

is "moved" to a different location) then the size and shape of the figure
remain the same, There is evidence that Euclid used this principle
reluctantly, and many mathematicians have since questioned its use in
formal proofs, They feel that it makes too strong an assumption about

the nature of physical space and is an inferior form of geometric reasoning,

Bertrand Russell (1872 - 1970), for example, has suggested that we would
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be better off assuming the SAS Theorem as a postulate, This is in fact

done in a system of axioms for Euclidean geometry devised by David Hilbert
(1862 = 1943), a system that has gained much favor with modern mathematicians,
Hilbvert was the leading exponent of the "formalist school," which socught to
disceover exactly what assumptions underlie each branch of mathematics and

to remove all logical ambiguities, Hilbert's system, however, is too formal

for an introductory course in geometry,
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PROBLEMS
1 = 4, For each of the following (1) draw the triangle with the two sides
and the included angle and (2) measure the remaining side and angles:

1, AB = 2 inches, AC = 1 inch, A = 60°,

Il

]

2, DE = 2 inches, DF = 1 inch, £D = 60°,

3 inches, /A = 400,

3. AB = 2 inches, AC

4, DE = 2 inches, DF 40°

]
L]

3 inches, 4D

5 - 8, Name the angle included between sides

5. AB and BC in AABC,

73

and YZ in AXYZ,

-~J
e
&5

and DF in ADEF,

8, RS and TS in ARST,

@ - 22, PFor each of the following,
(1) 1ist two sides and an included angle of each triangle that are
respectively equal, using the information given in the dizgran,
(2) write the congruence statement,

and (3)

H,

ind %, or x and v.

Assume that angles or sides marked in the same way are equal,

9. 10, - »
< b
;,. X 4 X W
A i 8 R S U V
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11,

3x+10

2y+|0°

=
3XH40,
!







2,3 THE ASA AND AAS THECREMS

In this section we will consider twoc more cases where 1t is possible
to conclude that triangles are ccngruent with only partial information
atout their sides and angles,

Suppose we are told that AABC has ZA = 300, ZB = 400, and AB =
2 inches, Let us attempt to sketch AABC, We first draw a2 line segment
of 2 inches and label it AB, With a protractor we draw an angle of 300 at
A and an angle of 40° at B (Figure 1), We extend the lines forming
Z A and £3B until they meet at C, We could now measure AC, BC, and £C

to find the remaining parts of the triangle,

%
//\ AN
rs . < ~
- ' -
A 4C° 30 k
A A inches B D 2 imches E

txy

Pizure 1, Sketching AARC, igure 2, Sketching ADEF,
Let ADEF be another triangle, with £D = 30°, ZE = 20°, and

DE = 2 inches, We could sketch ADEF just as we did AABC, and then measurs

DF, EF, and £F (Figure 2), It is clear that we must have AC = DF,

BC = EF, and ZC =/F, because both triangles were drawn in exactly the

same way, Therefore AARC < ADEF,
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In AA3C we say that AB is the side included between ZA and £B,

In ADEF we would say that DE is the side included between /D and 4£E,

Our discussion suggests the following theorem:

THEOREM 1 (ASA or Angle-Side-Angle Theorem), Two triangles are
congruent if two angles and an included side of one are equal respectively

to two angles and an included side of the other,

In Figures 1 and 2, AABC = ADEF because ZA, 4B, and AB are equal
respectively to 4D, /%, and DE,

We sometimes abbreviate THEOREM 1 by simply writing ASA = ASA,

ZXAMPLE A, In APQR, name the side included between
(1) £P and £9Q,
(2) /P and 4R,
(3) £Q and 4R,

Solution: Note that the included side is named by the two letters
representing each of the angles, Therefore, for (1), the side included
between AP and Z£G is named by the letters P and Q - - that is, side PQ,
Similarly for (2) and (3).

Answer: (1) Pq, (2) PR, (3) QR.
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EXAMPLE B, For the two triangles in the diagram
(1) write the congruence statement,
(2) give a reason for (1),

and (3) £ind x and y,

M“d

Solution:

(1) Trom the diagram <A in AABC is equal to ZC in AADC,
Therefore "A" corresponds to "C," Also ZC in AABC is equal to ZA in

AADC, So "C" corresponds to "A," We have

1_
e |
ABC A CDA,

(5. —
1 }

!
—
c

IS

A

(2) £A, 4LC, and included side AC of AABC are equal respectively
to £C, ZA, and included side CA of ACDA, (AC = CA because they are just
different names for the identical line segment, We sometimes say AC = CA

because of identity.) Thereforse AABC = ACDA beczuse of the ASA Theorem
\_/\M

(ASA = 434).



Summary:

A ARC
Angle ZBAC =
Included Side AC =

Angle Z BCA =

(3) AB = CD and 3C

of the congruent triangles,

Answer:

-
4}
ot
ol
0]
o
=
(¢}
(e}
pon |
0
|..lo
(o N
4]
=
>
=
tx)

Therefore x

(&'

)
Ll

oo
]
o
i
(1]

]

]
2,
O
5
g
|
0]
w
m
[oH
[4Y)

(marked = in diagram)

= DA beczuse they are corresponding si

Il

= AB = CD

12 and v = BC

iyl
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of AABC are equal respectively to 4D and ZE of ADEF, yet we have no
information about the sides included between these angles, AB and DE,
Instead we know that the unincluded side BC is equal to the corresponding
unincluded side EF, Therefore, as things stand, we cannot use ASA = ASA
to conclude that the triangles are congruent, However we may show AC
equals /T as in THECREM 3, section 1,5 (4C = 180° - (60° + 500) =

180° - 110° = 70° and 27 = 180° - (60° + 50°) = 180° - 110° = 70°),

Then we can apply the ASA Theorem to angles B and C and their included
side BC and the corresponding angles E and F with included side EF,

These remarks lead us to the following theorem:

THEOREM 2 (AAS or Angle-Angle-Side Theorem): Two triangles are
congruent if two angles and an unincluded side of one triangle are equal
respectively to two angles and the corresponding unincluded side of the
other triangle (AAS = AAS),

In Figure 4, if LA = 4D, /B = /E and BC = EF then AABC 2 ADEF,

A B D

LR

Figure 4, These two triangles are congruent by AAS = AAS,
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Proof: £C = 180° = (LA + £B) =180° - (4D + LE) = 2F,
The triangles are then congruent by ASA = ASA applied to £B, £C and BC

of AABC and LE, /F and EF of ADEF,

EXAMPLE C, TFor two triangles in the diagram
(1) write the congruence statement,
(2) give a reason for (1),

and (3) find x and y,

=]
—~<

R SRR
w

hd

Solution:
(1) AAcD £ ABCD,

(2) AAS = AAS since Z A, £C and unincluded side CD of A ACD are

equal respectively to £ B, £C and unincluded side CD of A BCD,

AACD A3CD
Anzle LA = (/3B (marked = in diagram)
Angle LACD = £BCD (marked = in diagram)
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(3) AC = BC and AD = BD since they ars corresponding sides of
the congruent triangles, Therefore x = AC =3C =10 and y = AD = BD,

Since AB=AD +BD =y + y = 2y = 12, we must have y = 6,

Answer:

(1) A ACD = ABCD,

(2) AAS = AAS: £A, /C, CD of AACD = /B, /C, CD of ABCD,
(3) x =10, y = 6,

ZXAMFLE D, For the two triangles in the diagram
(1) write the congruence statement,
(2) give a reason for (1),

and (3) find x and y,

D AX + |




Solution: Part

(3):

AB

3% =¥
3x = 2x -y
XxX=Y

[l

(1) and part (2)  are identical to EXAMPLE B,

CD and BC
2x + 1 3x
1 3x - 2y
1

We solve these equations simultaneously for x and y:

x-y =1 —2 -2x + 2y

Ix =2y = 4 — 3 3x -2y

Check:
AB
3x -y
3H2) ~ 4
6 -1
5

= =2 X iy

= L 2-y

- -y

X = 2 5

4

CD BC

2x + 1 Fx
2(2) +1 3(2)
b o+ 1 6

Answer: (1) and (2) same as EXAMPLE B,

(3) x=2,y=1,

2y + 4

2y + 4
2(1) + 4

2 +4

91
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[E3]

XAMPLE E, From the top of a tower T on the shore, a ship S is
sighted at sea, A point P along the coast is alsc sighted from T so that
£ PTB = /STB, If the distance from P to the base of the tower B is

3 miles, how far is the ship from point B on the shore?

(11
P 3 B X S

Solution: A PTB = ASTB by ASA = ASA, Therefore x = SB = FB = 3,

Answer: 3 miles,

Historical Note : The method of finding the distance of ships at

sea described in EXAMPLE X has been attributed to the Greek philosopher

Thales (¢, 600 B,C,). We know from various authors that the ASA Theorem
has been used to measure distances since ancient times, There is a story
that one of Napoleon's officers used the ASA Theorem to measure the width

of a river his army had to cross, (see FProblem 25 below, )
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PROBLEMS

1 - 4, For each of the following (1) draw the itriangle with the two angles

and the included side and (2) measure the remaining sides and angls,

1, AABC with £ A =140°% /B =50° and AB = 3 inches,

o] 0

2, ADEF with /D =40, ZE = 507, and DE = 3 inches,

3. A ABC with £A = 50°, 2B = 40°, and AB = 3 inches,

50°, 22 = 40°

L, ADEF with £D

, and DE = 3 inches,

5 = 8, Name the side included between the angles:
5. £A and £B in AARC,
6, LX and £Y in AXYZ,
7. £D and LF in ADEF,

B, /S and 4T in ARST,

9 = 22, For each of the following
(1) write a congruence statement for the two triangles,
(2) give a reason for (1) (SAS, ASA, or AAS Theorems),

and (3) find x, or x and y.

Q

s

C
x/\ )
/
/é /
A B

m

D




A A
K=
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19, 20,
D )f,> ®
A
;zxﬂ?/ vt
A Xt 2 j
21, 22,
[C
C _
F
/
L:L‘/"3X /\,/ Ax=2y Xty
, A s
A 2%y g 2 7 g e r0 E

23 - 26, TFor each of the following, include the congruence statement and

the reascn as part of your answer:

23, In the diagram how far 1s the ship S

from the point P on the coast?
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24, Ship S is observed from points A
and B along the coast, Triangle
ABC is then constructed and

measured as in the diagram,

How far is the ship from point A7

25, Find the distance AB across a river if AC=CE =5and DE = 7 as in

g E
W\\\\\\\\\\\\\\fi
e

5

the diagram, D

A

26, Wnat is the distance across the pond?

B

(:j:::E%EZ{::::X
&
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2,4 PROVING LINES AND ANGLES EQUAL

s

We can prove lines and angles equal if we can show they are correspond=-
ing parts of congruent triangles, We find it convenient to present

these proofs in double-column form with statements in the left column
R e

and the reason for each statement in the right,

ZXAMPLE A, Given AB!/ CD and D . c
AB = CD prove AD = BC, f ;
A g 4 B
Solution:
Statements Reasons
1. AB = (D, 1. Given,
2, L ABD = ACDB, 2, Alternate interior angles of parallel
lines (AB!ICD) are equal,
3. BD = DB, 3., Identity,
4, AABD = ACDB, 4, SAS = SAS: AB, /B, BD of AABD = CD, /D, DB
of ACDB,
5, AD = BC, 5. Corresponding sides of congruent triangles
are equal,

Explanation: Zach of the first three statements says that a side
or angle of AARD is equal to the corresponding side or angle of ACDB,

To arrive at these statements, we should first write the congruence
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statement using the methods of the previous sections, We then select
three pairs of corresponding sides or angles which are equal because of
one of the following reasons:

Reasons Lines Are Equal

1. Given, This means we are asked to assume the lines are equal
at the beginning of the exercise, For example, the problem will state
"given AB = CD" or AB and CD will be marked the same way in the diagram,

2, Identity. This means the identical line segment appears in
both triangles, For example, BD and DB represent the same line segment,
Of course the length of a line segment is equal to itself,

Reasons Angles Are Egqual

1, Given,

2, Identity,

3. Alternate interior angles of parallel lines are ecual, To

apply this reason we must be given that the lines are parallel,

L, Corresvonding angles of parallel lines are egual,

5. Vertical angles are egual,

These are not the only possible reasons but they are all that
we will use at first,

Ae should also select the three pairs of equal sides or angles so
that one of the reasons SAS = SAS, ASA = ASA, or AAS = AAS can be used to
justify the congruence statement in statement &4, 1In sections 2,6 and 2,7

we will gzive some additional reasons for two triangies to be congruent,
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Statement 5 is the one we wish to prove, The reason is that

corresponding sides (or angles) of congruent triangles are equal, We

can use this reason here because the triangles have already been proven

congruent in statement 4,

One final comment, Notice how the solution of EXAMFLE A conforms

with our original definition of proof, FEach new statement is shown to

be true by using previous statements and reasons which have already been

established,

Let us give ancther examrle:

EXAMPLE B, Given QFIIST

and QR = TR prove FR= SR,

Solution:

Statements
1, QR = TR, 1,
2| LQ = LT. 2¢
3. 4LTRQ = LSRT, 3
L, APR 2 ASTR, L
5. PR = SR, S

Reasons
Given,
Alternate interior angles of parallel
lines (QPI!I ST) are equal,
Vertical angles are ecual,
ASA = ASA: LG, QGR, 4R of AFQR = AT,
TR, /R of ASTR,
Corresponding sides of congruent itriangles

are equal,
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1.

Given /A = /D, /B = LE,

AB = DE, Prove AC = DF,

PROBLEMS

2'

C #
/\\ /\ \
LT 4 3 ) #\
A B D E A

3'

Given AC EC and BC = DC,

Prove AB = ED,
ov 5

e

S

B

Given /ABD = (/CDB and

Z ADB = ZCBD, Prove AB

CD,

ul

6.

Given AC = DF, BC = BF,/C = F
Prove AB = DE,
C F
L
B %
Given AC = DC, A = /D,
Prove BC = EC,
A
B
C
E
D

Given AB//CD and AD//(CB,

Prove AB = CD,
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7. Given AC = BC and /ACD = ,BCD, 8, Given ¢ZA = /B, ZACD = /BCD,

Prove ZA = /B, Prove AC = BC,
C L
AN
N\
I\
?
l
|
A D B A D 8
9, Given ABIiCD and AB = CD, 10, Given AE = CE and BE = DE,
Prove AE = CE, (Hint: Prove 4 BAC = (CDB,
Show AABE = ACDE)

D =

11, Given A = /D, AC = DE, 12, Given ABIIDE, ACIFE and
AB I DC, Prove BC = CE, DC = FE, Prove BE = EC,
£ /C\
\ /
/
p= > \\ c D/ > =

R
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13. Given AD = BC and /BAD = /ABC, 14, Given AD

]

BE, Z£BAC = £ ABC,
Prove AC = ED, Prove AE = BD,

(Hint: Show AABD == ABAC)
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2,5 ISOSCELES TRIANGLES

In section 1,6 we defined a triangle to be isosceles if two of
[ N T
its sides are equal, Figure 1 shows an isosceles triangle AABC with
AC = BC, 1In AABC we say that /A is opposite side BC and /£ B is opposite
R N i

side AC,
C

A B

Figure 1, /\ ABC is isosceles with AC = EC,
The most important fact about isosceles triangles is the following:
THEOREM 1, If two sides of a triangle are equal the angles opposite
these sides are equal,

This means that if AC = BC in AABC then /A = /B,

EXAMPLE A, Find x:
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Solution: AC = BC so ZA = /B, Therefore x = 40,

Answer: x = 40,

In AABC if AC = BC then side AB is called the base of the triangle
and /A and /B are called the base angles, Therefore THZOREM 1 is sometimes
stated in the following way: "The base angles of an isosceles triangle
are equal,"”

Proof of THEOREM 1: Draw CD, the angle bisector of ZACB (Figure 2),
The rest of the proof will be presented in double=-column form, We

have given that AC = BC and ZACD = /BCD, We must prove LA = £ B,

A D B

Figure 2, Draw CD, the angle bisector of AZACB,

Statements Reasons
1. AC = 3C, 1, Given, AABC is isosceles,
2. [/ ACD = /BCD, 2, Given, CD is the angle bisector of /ACE,
;. 0= {gh, 3. Identity,.
4, A ACD = A BCD, 4, SAS = SAS: AC, ZC, CD of AACD = BC, ZC,
CD of A BCD,
5 LA = LB, 5. Corresponding angles of congruent triangles

are equal,
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EXAMPLE B, Find x, /A, /B and /C:

ax o

Solution: £B = /A =U4x + 5 ° by THEOREM 1, We have

/A 4+ 2B+ £C = 180°
bx + 5+ 4x+5+2x-10 = 180
| 10x = 180
x = 18
(A= £B=U4x+5°%=14(18) +5° =72 45°=1797°,
2C =2x =10 © =2(18) - 10 © = 36 - 10 © = 26°,
Check: LA+ LB+ £C = 180°
bx 4+ 5+ 4x 45+ 2x - 10
4(18) + 5 + 4(18) + 5 + 2(18) - 10

77° 4 77° + 26°

o

180

Answer: x =18, za = 77°, 4B =77°, rc = 26°,

In THEOREM 1 we assumed AC = BC and proved /A = /B, ¥We will now
assume /A = /3B and prove AC = BC, When the assumption and conclusion
of a statement are interchanged the result is called the converse of the

R SN

original statement,

THECREM 2 (the converse of THEOREM 1), If two angles of a triangle
are equal the sides opposite these angles are equal,

In ®igure 4, if LA = (B then AC = BC,
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Figure 4, £ZA = /B,

EXAMPLE C, Find x:

Solution:

ZA = /B so x = AC

I
t
a

i

0

g
=
&

ol
g
g

Answer: x = Q,

Proof of THECREM 2: Draw CD the angle bisector of ZACB (Figure 5).

We have £ACD = £BCD and /A = 4B, We must prove AC = BC,

AN
L

Figure 5, Draw CD, the angle bisector of ZAC3B,

>
<
[5%)
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Statements Reasons
1, ZA = /B, 1, Given,
2., [ACD = /BCD, 2, Given,
3, CD = CD, 3, Identity,
L, AACD = AERCD, L, AAS = AAS: LA, 4C, CD of AACD = /B,

ZC, CD of ABCD,
5. AC = BC, 5, Corresponding sides of congruent triangles

are equal,

The following two theorems are corollaries (immediate consequences)
R

of the two preceding theorems:

THECREM 3, An equilateral triangle is equiangular,

In Figure 7, if AB = AC = BC then /A = /LB = /C,
C

A B

Pigure 7, A ABC is equilateral,

Proof: AC = BC so by THEOREM 1 /A = /B, AB = AC so by THEOREM 1

LB = [/C., Therefore (A= (B = /C,

. 0 R ;
Since the sum of the angles is 180" we must have in fact that

/A= /B = /C=60°,
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THEOREM 4 (the converse of THEOREM 3)., An equiangular triangle
is equilateral,

In Figure 8, if /A = (B = LC then AB = AC = BC,
.

A B
Figure 8, /\ABC is equiangular,

Proof: /A = (B so by THEOREM 2,AC = BC, /B = £C so by THECREM 2,

AB = AC, Therefore AB = AC = BC,

EXAMPLE D, Find x, y, and AC:

X+37 3AX+5

<
A Ix-y 8

Solution: AABC is equiangular and so by THECREM 4 is equilateral,

Therefore AC = AB and AB = BC,

Il

X + 3y

X -y X=3 3x + 5

0 7X = 3x -y = 5

X=-7x+3v +y

-bx + 4y = 0 Bx =~y = 5



We have a system of two equations in two unknowns to solve:

-bx + 4y = 0 -bx + 4y = 0 bx -y = 5
bx - y = 5 —% S 16x - by = 20 W2) -y = 5
10x = 20 Gy = 3
x = 2 w o 3-8
e
¥ % 3
Check:

AC = AB AB = BRBC

x: % 3y 7X =y 7X -y 3x+ 5
2 +3(3) 7(2) - 3 7(2) - 3 H2) =5
2+9 i - 3 14 - 3 6+ 5
11, 1 11 11

Answer: x =2, y =3, AC =11,

Historical Note: THECREM 1, the isosceles triangle theorem, is

believed to have first been proven by Thales (c, 600 B,C.,), It is
Proposition 5 in Euclid's Elements, Euclid's proof is more complicated
than ours because he did not want to assume the existence of an angle
bisector, Euclid's proof goes as follows:

Given AABC with AC = BC (as in Figure 1 at the beginning of
this section), extend CA to D and CB to E so that AD = BE (Figure 9),

Then ADCB = AECA by SAS = SAS, The corresponding sides and angles

of the congruent triangles ars equal, so DB = EA, £3 = 44 and

109
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L1 + L5 = L2+ L6, Now AADB = ABEA by SAS = SAS, This gives

L5 = L6 and finally /1 = 22,

5 G

Figure 9, The "bridge of fools,"

This complicated proof discouraged many students from further
study in geometry during the long period when the Elements was the
standard text, Figure @ resembles a bridge which in the Middle Ages
became known as the "bridge of fools," This was supposedly because
a fool could not hope to cross this bridege and would abandon geometry

at this point,
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PROBLEMS

For each of the following state the theorem(s) used in obtaining your

answer,
1, ¥Find x: 2, Find x, /A, and /B:
&
/'/\\
4 \4~
A
5% ISX

A

4, Find x, AC, and BC:

5, Pind x: 6, Tind x:




1312

7. Find x, ZA, ¢B, and £C: 8, Find x, £A, /B, and 4C:
C
3x%s
ax*
A 8 A 8
9, Find x, AB, AC, and BC: 10, Find x, AB, AC, and BC:
- e
gx -1l AX+13 WX~ A% +¢
£ |
A SX+y4 B8 A 3%t3 B
11, Find x, vy, and AC: 12, Find x, y, and AC:
c
2(%+y) Yt
<
A 3~ 2% 2
13, Find x: 14, Find x, v, and z:
<
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2,6 THE SSS THECREM

We now consider the case where the sides of two triangles are

known to be of the same length,

THECOREM 1 (SSS or Side-Side-Side Theorem), Two triangles are
congruent if three sides of one are equal respectively to three sides
of the other (8SS = $SS),

In Figure 1, if a =d, b=e, and ¢ = f then AABC £ ADEF,

C 5
- 5 ; # :

Tigure 1, A ABC = A DEF because SSS = SS8,

BXAMPLE A, Pind x, y, 2:
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Solution: AB = 7 = DF, Therefore /C, the angle opposite AB
must correspond to /E, the angle opposite DF, In the same way /A
corresvonds to /F and LB corresponds to /D, We have AABC = I FDE

by SS5 = SS85, So

x° = 4D = £B = w°,
yO = LF = z4 = 57°,
and 2% = z/E= 2C = 79°,

Answer: x =44 y =57, z =79,

Proof of THECREM 1: 1In Figure 1, place AABC and ADEF so that
their longest sides coincide, in this case AB and DE, This can be
done because AB = ¢ = f = DE, Now draw CF, forming angles 1, 2, 3, and 4
(see Figure 2), The rest of the proof will bte presented in double-

column form: C

Figure 2, Place AABC and ADEF so that AB and DE coincide and draw CF,

Statements Reasons

1. £1

L2, 1. The base angles of isosceles triangle CAF
are equal (THEOREM 1, section 2,5),
B ZL3™ L4, 2, The base angles of isosceles triangle CBF

are equal,



Fe LB = LT
L, AC = DF,
5. BC = EF

6, AABC X ADEF,

115

LC= L1+ L3 = L2+ Lbh=yF,

Given, AC = b = e = DF,
Given, BC = a = 4 = &F,
SAS = SAS: AC, /C, BC of AABC = DF,

/¥, EF of ADEF,

EXAMPLE B, Given AB = DE, BC = EF, and AC = DF, Prove /C = /F,

A
Solution:
Statements
1, AB = DE,
2. BC = EF,
3. AC = DF,

L, AABC £ ADEF

L=
L=

n
I~
2

I
I~
-

/B\ N\ /\

Reascns
Given,

Given,

197]

[4)]

wn
I

SSS5: AB, BC, AC of AABC = DE,
EF, DF of A DEF,
Corresponding angles of congruent triangles

ars equal,

Application: The 33S Theorem is the basis of an imporiant

principle of construction and engineering called triangular bracing,

e T e
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Imagine the line segments in Figure 3 to be beams of wood or steel Joined
at the endpoints by nails or screws, If pressure is applied to one

of the sides, ABCD will collapse and look like A'B'C'D’,

D e
. PVESSU(E.

DI \L \L \lv C.‘
A _ g A’ 8’

Figure 3, ABCD collapses into A'B'C'D' when pressure is applied,

Now suppose points A and C are joined by a new beam, called a brace
(Figure 4), The structure will not collapse as long as the beams remain
unbroken and joined together, 1t is impossible to deform ABCD into any
other shape A'B'C'D' because if AB = A'B', BC = B'C', and AC = A'C'

then AABC would be congruent to AA'B'C' by SSS = SSS,

- e

A C A' &'

igurs 4, ABCD cannot collapse into A'B'C'D' as long as the beams

remain unbroken and joined together,
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We sometimes say that a triangle is a rigid figure, Once the
sides of a triangle are fixed the angles cannot be changed, Thus in

Figure 4, the shape of AABC cannot be changed as long as the lengths

of its sides remain the same,
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PROBLEMS
1 - 8, TFor each of the following (1) write the congruence statement,
(2) give the reason for (1) (SAS, ASA, AAS, or SSS Theorems), and

(3) find x, or x and y, or x, y, and z,

10
&
70°
I s
A ' 8
2!
e
s
I+ "
Xfly
A 5 B3
3’ LLI
i
D c




MmN
P
L5
&>

A WAl

0

Given AB = DE, BC = EF, and AC = DF,

Prove LA = /D,

C

3:-|..\
7
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10, Given AC = BC, AD = BD,

Prove (/ADC = /LBDC,
C

\

A 1] D ] \B
11, Given AB = AD, BC = DC, 12, Given AB = CD, BC = DA,
Prove (BAC = /LCAD, Prove /BAC = ZDCA,

_.H_.

13, Given AE = CE, BE = ED, 14, Given AB|ICD, AD//BC,
Prove AB = CD, Prove AR = CD,
D g
\ 0 " c
1 /[l
z i / |
5 - |
L " |
A B A 8



2,7 THE HYP-LEG THECREM AND OTHER CASES

e give one more reason for two triangles to be congruent,

Note that the following reason avpplies to right triangles only:

THEOREM 1 (Hypotenuse- Leg Theorem), Two right triangles are
congruent if the hypotenuse and a leg of one triangle are respectively
equal to the hypotenuse and a leg of the other triangle (Hyp-lLeg =
Hyp-Leg), |

In Pigure 1, if AB = DE and BC = E

- T s B b - - 1T -
Figure 1, AABC = ADEF tecause Hyp-Leg = Hyp-Leg,

ZXAMPLE A, PFind x and y:

6
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Solution: The hypotenuse of AABC = AB = hypotenuse of ADEF =D
and a leg of AABC = AC = a leg of ADEF = DE, Therefore AABC = A DFE
by Hyp-leg = Hyp-Leg, So X = £A = 4D = 54° and yc = 2B = 4LF = 46°,

Answer: x =44 vy = L6,

place A DEF so that BC and EF

Procf of THEOREM1: 1In Figure 1,

ACD

coincide (see Figure 2), Then £ = 180° so AD is a straight line

il

segment, AABD is isosceles with AB = DE, Therefore /A = /D because
they are the base angles of isosceles triangle ABD (THEOREM 1, section
2.5). Then AABC = A DEF by AAS = AAS,

A D

i
i

Place ADEF so that BC and EF coincide,

izure 2,

EXAMFLE B, Given AC = BC, CD L AB, Prove AD = BD,

7



Solution:
Statements Reasons
1. AC = BC, 1, Given,
2, CD = (CD, 2, Identity,
3. 4ADC = £BDC = 90°, 3. Given CD L AB,
4L, AACD £ A BCD, L, Hyp-Leg = Hyp-Leg: Hyp AC, Leg CD of
AACD = Hyp BD, Leg CD of A BCD,
5. AD = BD, 5. Corresponding sides of congruent triangles

are equal,

At this pcint the student might ve ready to conclude that two
triangles are congruent whenever any three corresponding sides or angles
are equal, However this is not true in the following two cases:

1. There may be two triangles that are not congruent but have
two equal sides and an equal unincluded angle (ssA = ss4).

In Figure 3, AC = DF, BC = 5F, and A = £D but none of the

other angles or sides are equal,

30 O4°
A B 0

Figure 3, These two triangles satisfy S54 = S84
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2, There are many triangles that are not congruent but have the
same three angles (AAA = AAA),
In Figure &, the corresponding angles are equal but the corresvond-

ing sides are not,

50° 4-5°

Figure 4, These triangles satisfy AAA = AAA but are not congruent,

If AAA = AAA the triangles are said to be similar, Similar triangles
—T——

are discussed in Chapter IV,

EXAMPLE C, Determine if the triangles are congruent, If so

write the congruence statement and find x,

=1 il
7~
L% 5 /



Solution: From the diagram AC = BC, CD = CD, and /LA = /B,

These are the only pairs of sides and angles which can be proven equal,

Z A is not included between sides AC and CD and /3B is not included

tetween sides BC and CD, Therefore we have only SSA = S5A, We cannot

conclude the triangles are congruent and we cannot find x,

Answer: The triangles cannot be proven congruent,

SU

Valid Reasons for Congruence

SAS = 8AS
ASA = ASA
AAS = AAS
SS8 = SSS

Hyp-Leg

Hyp-Leg (right

MMARY

Invalid Reasons for Congruence

S5A = SSA

AAA = AAA

triangles only)
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1 - 16,

PROBLEMS

For each of the following determine if the triangles are

congruent, If so

and

(1) write the congruence statement,
(2) give the reason for (1),

(3) find x, or x and y, or x, y, and z,

Ctherwise write "the triangles cannot be proven congruent,”

40

% YEN 0 \
£

\ D N

// \ | e |
/// \\\\\ J';’ i
/X T XN L3¢ i
Yy o 2 A | 3
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2 14
* ]
D D / = =
5X+5
x
/\ QY
A £, oy
ek
7
Yo AX A+ 3y - ax+| A 8
15, R

A I+ B
1?7, Given OA = 0B and (/A = /3B 18, Given AC = BD and ZA = (/B =
= o0°, Prove AP = BP, 90°, Prove AD = BC, (Hint:
A Show AABC = ABAD)

/
Iy
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19, Givep AR = CD and AD = CB, 20, Given AC = BC and AD = ED,

Prove (A = [C, Prove /A = /B,

A B A D B
21, Given AD = BD and AB .l CD, 22, Given (BAC = /DAC and
Prove /LA = L3, LB = (D, Frove AB = AD,

D &,

]
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CHAPTER TIT

QUADRILATERALS

3.1 PARALLELOGRAMS

A polygon is a figure formed by line segments which bound a portion
S e

of the plane (Figure 1), The bounding line segments are called the sides of
the polygon, The angles formed by the sides are the angles of the polygen and
the vertices of these angles are the vertices of the polygon, The simplest
polygon is the triangle, which has 3 sides, In this chapter we will study the
quadrilateral, the polygon with 4 sides (Figure 2), Other polygons are the
pentagon (5 sides), the hexagon (6 sides), the octagon (8 sides), and the

decagon (10 sides),

OROYay.

Figure 1, Figure 2, Figure 3,

R4

v

A polygon, A quadrilateral, A parallelogram,

A parallelogram is a quadrilateral in which the oprosite sides are

parallel (Figure 3), To discover its properties, we will draw a diagonal,

a line connecting the opposite vertices of the parallelogram, In Figure 4,

AC is a diagonal of parallelogram ABCD, We will now prove A ABC = ACDA:



4

g 2
-~

A

!

> /

8

Figure 4, Diagonal AC divides parallelogram ABCD into two congruent

triangles,

Statements

L1 = L2,

LL&O

L3

AC = AC,

A ABC = ACDA,

AB = CD, BC = DA,

LB = (LD,

Reasons
The alternate interlor angles of parallel
lines AB and CD are equal,
The alternate interior angles of parallel
lines BC and AD are equal,
Identity,
ASA = ASA,
The corresponding sides of ccngruent
triangles are equal,
The corresponding angles of congruent
riangles are equal,
/A= L1+ /3= /2+ L4 = /C (Add

statements 1 and 2),

We have proved the following theorem:
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THECREM 1. The opposite sides and opposite angles of a parallelogram
-~ are equal,
In parallelogram ABCD of Figure 5, AB = CD, AD = BC, /A = /C,

and /B = /D,

~N
N

b,

A ’ 8

Y

Figure 5, The opposite sides and opposite angles of a parallelogram are equal,

EXAMPLE A, Pind x, y, T and s:

D 15 &
\qj > x°
Ior\ S
120 . 60
A r B

Sclution: By THEOREM 1, the opposite sides and opposite angles are

o
equal, Hence x° = 120°, y° = 60°,

H

=15, and s = 10,

Answer: x = 120, y = 60, r = 15, s = 10,

EXAMPLE B, Pind #, x, y, and z:



Solution: w° = 115o since the opposite angles of a parallelogram

0

are equal, x° =180° - («° + 30°) = 180° - (115° + 30°) = 180° - 145° =

350, because the sum of the angles of AABC is 180°, yo = 30c and

2° = x° = 350 because they are alternate interior angles of parallel lines,

Answer: w =115 x =3z =35, y = 30,

EXAMPLE C, Find %, y, and z:

i

120°

Solution: x = 120 and y = z because the opposite angles are equal,
ZA and £D are supplementary because they are interior angles on the
same side of the transversal of parallel lines (they form the lstter "C."
THEOREM 3, section 1.,4),

Answer: x =120, y =z =
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In ZXAMPLE C, /A and /B, /B and «£C, £C and /D, and /D and
LA are called the successive angles of parallelogram ABCD, EXAMFLE C
e T

—

suggests the following theorem:

THECREM 2, The successive angles of a parallelogram are
supplementary,

In Figure 6, LA+ LB = [B+ LC = 4£C+ /D= 4D +£A = 180°,

120° 60°

o 120°
A B

Y

FPigure 6, The successive angles of parallelogram ABCD are supplementary,

ZXAMPLE D, Find x, £A, £3B, 4C, and /D,

ax +30 ° /

N
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Solution: £A and 4D are supplementary by THEOREM 2,
ZA+ £D = 180°
x + 2x + 30 = 180
3x + 30 = 180

3x = 180 - 30

3x = 150
x = 50
th = x° = 50°, LC = LA = 50°,
LD = 2x+30° = 2(50) +30° = 100 + 30° = 130°,
LB = LD = 130°,
Check: LA+ 42D = 180°
x4+ 2x + 30
50 + 2(50) + 30
50 + 130
180
Answer: x =50, A =50° B=130°, ¢C¢=50° D=130°,

Suppose now that both diagonals of parallelogram are drawn (Figure 7):

D C

Y

A 8
Pigurs 7, Parallelogram ABCD with diagonals AC and 2D,

We have £1 = £2 and 23 = /4 (both palrs of angles are alternate interior

angles of parallel lines AB and CD), Also AB = CD from THEOREM 1, Thersfore
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AABE = ACDE by ASA = ASA, Since corresponding sides of congruent triangles

are equal, AE = CE and DE = BE, We have proven:

THECREM 3, The diagonals of a parallelogranm EEEEEE each other
(cut each other in half),

In parallelogram ABCD of Figure 8, AE = CE and BE = DE,

N/

\%

A B

Figure 8, The diagonals of parallelogram ABCD bisect each other,

EXAMPLE E, Find x, y, AC, and BD:

W

A B

Solution: By THECREM 3 the diagonals bisect each other,

x = 7
y =9
AC = 9+9 = 18,
BD = Q7 = Al

Answer: x =7, y =9, AC = 13, BD = 14,
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EXAMPLE F, Find x, y, AC, and BD:

Solution: By THEOREM 3 the diagonals bisect each other,

AE = CE BE = DE
x = 2y + 1 2x =y = X+ 2y
x=-2y =1 2x =y =x=-2y = 0

Xx=-3y =0

x=-2y = { ——> x-2y =1

x-3% = 0 — 2 x+3 = 0
y = 1
x = 2y+1= 2(1)+1 = 3
Check:
AE = (E BE = DE
x| 2y + 1 2Xx -y X + 2y
3 | 2(1) + 1 2(3) - 1 3+ 2(1)
13 5 5
AC = AE+CE = 3+3 = 6, BD = BE+DE = 5+ 5 = 10,

Answer: x =73, y =1, AC =6, BD = 10,
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EXAMPIE G, Find x, y, £A, £3B, LC, and £D:

N

& ¢ G x-t

c
12y -2

Y

Solution: By THEOREM 2,

ZA + (B

by + 6 + 12y - 2
16y + &4

16y

16y

y

Check:
LA+ /3B
by + 6 + 12y = 2
4(11) + 6 + 12(11)
50° + 130°

180°

180°
180
180
180 - 4

176

Answer: x =90, y = 11,

LA = LC =50,

and LC+ £D
x - 4 + 15x - 5
21x - 9

21x

21x

[C+ 2D

6x - 4 + 15x - 5
6(9) - & +15(9) - 5
50° + 130°

180°

(o]

180°,
180

180

180 + 9

189

180°

LB = /D = 130°,



PROBLEMS

For each of the following state any theorems used in obtaining your

answer(s):
1, Pind x, y, r, and s: 2, Find %, y, T, and s:
b R c
7/&0“ +0°
v
/ =
A y©
A S 8
3. Find w, %, y, and z: 4, Pind w, X, y, and z:

5. Find x, ¥, and z: 6, Find x, y, and z:
D
- . iy
D S C /20 b
Y 2
;-'1

//ﬁf
>

[
8 o
(@]
B
L/
ST
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7. Find x, Z£A, 4B, «£C, and «£D: 8, Find x, A, 4B, 4C, and £D:
D $ S 0 > >
Xt4o ° / gx
/X 5 X <
A B A ’ B
9., Find x, y, AC, and BD: 10, Find x, y, AC, and BD:

D C

11, ®ind x, AB, and CD: 12, Find x, AD, and BC:

¥

2y TIx+6
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13, Find x, y, AB, BC, CD, and AD: 1L, Find x, y, AB, BC, CD, and AD:
D HX=3 C
Ax= c S
: - \ \

L{ > ~ A
A X+ 3y 8 A 3X+2 B
15, Find x, y, AC, and BD: 16, Find x, y, AC, and BD:

17, Pind x; vy, LA, LB, 1C, 18, Find x, vy, ZA, 4B, ZC,
and /D: and £ D:
D C
nx ° 3ytic = 5
QXG .rcyr‘{-oo

A B A 2]
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3.2 QTHER QUADRITATERALS

In this section we will consider other quadrilaterals with special

properties: the rhombus, the rectangle, the square, and the trapezoid,

| N
4 /
4
4
£
A ! B
Figure 1, A rhombus, Figure 2, A rhombus with

diagonals,

A rhombus is a parallelogram in which all sides are equal (Figure 1),
T

It has all the properties of a parallelogram plus some additional ones as
well, Let us draw the diagonals AC and BD (Figure 2), By THEOREM 3 of
section 3,1, the diagonals bisect each other. Hence AADE = A CDE = A CEE
= AABE by SSS = SSS, The corresponding angles of the congruent triangles
are equal: L1 = /L2 = /3= /4, L5=LEé =47 =8 and L9 = £L10= £11
= /12, /9 and /10 are supplementary in addition tec being equal, hence

L 9= /10 = £11 = £12 = 900, We have proven the following theorem:

THECREM 1, The diagonals of a rhombus are perpendicular and bisect

" the angles, See Figure 3,
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Figure 3, The diagonals of a rhombus are perpendicular and bisect the angles,

EXAMPLE A, Find w, X, y, and 2:

Solution: ABCD is a rhombus since it is a parallelogram all of whose
sides equal 6, According to THECREM 1, the diagonals are perpendicular and
bisect the angles, Therefore w° = 40° since AC bisects « BAD, <£AED = 900
so x° = 180° - (90° + 40°) = 180° - 130° = 50° (the sum of the angles of

AAED is 180°), Finally y° = w° = 40° (compare with Figure 3) and z° = x° = 50°,

Answer: w = 40, x = 50, y = 40, z = 50,
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Figure 4 shows rhombus ABCD of EXAMPLE A with all 1ts angles

identified,

Figure 4, The rhombus of EXAMPLE A with all angles identified,

A rectangle is a parallelogram in which all the angles are
™ N —
right angles (Figure 5). It has all the properties of a parallelogram

plus some addiiional ones as well, It is not actually necessary to

be told that all the angles are right angles:

D N < D N C
| i [ [ -
c 90° |
A A %
g0’ Y ac’ |
i s O . |
A e A B
Tigure 5, A rsctangle, Pizure 5, 4 parallelogram

must z21so be a rectangls,



iks5
THECREM 2, A parallelogram with just one right angle must be
a rectangle,
In Pigure 6, if /A is a right angle then all the other angles

must be right angles +too,

Proof: 1In Figure 6, /ZC = LA = 50° vecause the opposite
angles of a parallelogram are equal (THEOREM 1, section 3.1),
LB = 900 and /£D = 900 because the successive angles of a parallslogram

are supplementary (THECREM 2, section 3.1),

EXAMPLE B, PFind x and y:

D = &
r
X
Y
R N
7]
40 N
A B
Solution: By THECHREM 2, ABCD is a rectangle, x° = 40°

tecause alternate interior angles of parallel lines AB and CD must

s . 0
be equal, Since the figure is a rectangle LBCD = G0~ and

o 0

v° =90% - x° = 90° - 40° = 50°,

Answer: . x = 40, y = 50,

Let us draw the diagonals of rectangle ABCD (Fizure 7).
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E s

=g

Sl

Figure 7, Rectangle with diagonals drawn,

We will show AABC = ABAD, AB = BA because of identity,
LAhs= LB = 900. BC = AD because the opposite sides of a parallel=-
ogram are equal, Then AABC = ABAD by SAS = SAS, Thersfore

diagonal AC = diagonal BD bvecause they are corresponding sides of

congruent triangles, We have proven:

THEZOREM 2, The diagonals of a rectangle are equal,

In Figure 7, AC = BD,

IXAMPLE C, Find x, v, z, AC, and BD:




L7

Solution: x = 3 because the diagonals of a parallelogram

bisect each other, So AC =3+ 3 =6, BD = AC = 6 since the

diagonals of a rectangle are equal (THEOREM 3), Therefore

v =2z = 3 since diagonal BD is bisected ty diagonal AC,

)

Answer: x =y =z =3, AC = BD = 6,
EXAMFLE D, Find x, y, and z:
p 3 @
35°
£ A
2:-‘.
x° g y?
A § B

Solution: x° = 350, because alternate interior angles of

o o o .,
parallel lines are equal, y =X 357 because they are base

angles of isosceles triangle ABE (AE = BE because the diagonals

. . ., -oF o o o, .0
of a rectangle are equal and bisect each other), =z =180 - (x +y )

= 180° - (350 + 350) = 180° - ?O0 = 1100. Figure 8 shows rectangle

ABCD with all the angles identified,

4

Answer: x =y = 35, z = 110,

__5

Pigure 8, T
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A square is a rectangle with all its sides equal, It is

therefore also a rhombus, So it has all the properties of the rectangle

and all the properties of the rhombus,

D c

f base
“jgd} QJ:- z B f
T T leg leg
90° q0°,
1 il .
A B8 A base 8
Figure 29, A square, Figure 10, A travpezoid,

A trapezoid is a quadrilateral with two and only two sides
M e T

parallel, The parallel sides are called EEEEE and the other two
sides are called legs, In Figure 10, AB and CD are the bases

and AD and BC are the legs, /A and /3 are a pair of base angles,
£ZC and 4D are another pair of base angles,
An isosceles trapezoid is a travezoid in which the legs are equal,
i i T

In Figure 11, ABCD is an isosceles trapezoid with AD = BC, An

isosceles trapezoid has the following property:

THECREM 4, The base angles of an isosceles trapezoid are equal,

1y

In

igure 11, ZA = /3B and £LC = 4D,
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A B

Figure 11, An isosceles trapezoid,

EXAMPLE E, Find x, y, and z:

55°

Y

A

Solution: x° = 550 because /A and /3B, the base angles of
isosceles trapezoid ABCD, are equal, Now the interior angles of
varallel lines on the same side of the transversal are supplementary

(THEOREM 3, section 1.4), Therefore y° = 180° - x° = 180° - 55° =

0 o]

125° and 2z° = 180° - 55° = 125°,

Answer: x = 55, y =z = 125,

Proof of THEQOREM L4: Draw DE parallel to CB as in Figure 12,

les of parallel lines are 2gual,

~
1 -
1}
~
tud
8
Q
5
o
4]
0]
9]
¥
o
0]
0]
o]
O
=
o
e
=
mq
V]
=]
m

)
=1

DE = BC tecause they are the opposite sides of parallelogram ECD

t

So AADE is isosceles and its base angles, £A an
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Figure 12, Draw DE parallel to CB,

[

L1, are equal, We have proven A = /1 = /B, To prove £C = /D,
ob serve that they are both supplements of /A = /3B (THEOREM 3,

section 1.4),

The isosceles trapezoid has one additional property:

THZOREM 5, The diagonals of an isosceles trapezoid are equal,

In Figure 13, AC = BD,

N

Figure 13, The diagonals AC and BD are equal,

Proof: BC = AD, given, /JABC = £3AD because they ars the base
angles of isosceles +trapezoid ABCD (THECREM 4), AB = BA, identity,
Therefors AABC = ABAD by SAS = SAS, So AC = 2D because they ares

corresponding sides of the congruent triangles,



EXAMPIE *, PFind x if A =%a.ndBD=3—x:
) S £
A - B
Solution: By THEOREM 5, AC = BED,
2
x e
(x) 2 = (3 -x)(x)
x
2 = 3x - x2
X" =-3x+2 = 0
(x =1)(x=2) = 0
x=-1 =0 x=-2 =0
x = 1 X = 2
Check, x = 1: Check, x = 2:
AC = 3D AC = ED
s 2
X 3 x i
2 2
1 a=1 2 | 272
2 2 1 i

Answer: x =1 or x= 2,

[N
[y
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SUMMARY

[/

THE PARALLELOGRAM

A quadrilateral in which the opposite sides are parallel,

L ra
ey -
l 7
— '
7 7 Fd

THE RHOMBUS THE RECTANGLE
A parallelogram in which A parallelogram in which all of
all of the sides are equal, the angles are equal to 90°,
L > L
4 ¢y
B! P

THE SQUARE

A parallelogram which is both a rhombus and a rectangle,

A

-

N

h's

THE TRAPEZCID THE ISCSCELES TRAFEZCID
A quadrilateral with just one A trapezoid in which the

rair of parallel sides, nen-parallel sides are equal,
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PROPERTIES OF QUADRILATERALS
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PRCBLEMS
¥or each of the following state any theorems used in obtaining your

answer,

1, Find w, x, y, and z: 2, Pind w, %, y, and z:

3, Find x and y: 4, Find x and y:
D . &
v
»
A A
0 55
A B A B
5, Find x, y, 2, AC and BD: 6, Find x, y, and z:
D 2 c
D R & X o
¥ X //
gA A
E A E
e i y 5
4 2
j




7. Find x, y, and z: 8, Find x, y, and z:

D \/L_ ‘f-ov C- D % 3
| _ .
7N < 4 e A

2\/
x|
o -]
X v .
A B A B

9, Pind x if AC = % and BD = 4x - 1: 10, Find x and y:

% c

A
73

Ce

A 4 8

11, Find x, y, and z: 12, Find x, y, and z:

D > C D \G’ c
x’.‘, xc
A :
3% 3 G Mo
3 o
:l_ > YC’ . YG
A 3 B A G B

13. Find x, y, and 2: i, ®ind x, y, and z:

2 y c D g
2° s /uS‘ ?‘

A i B A

Y
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15, Find x and y: 16, Find x, y, ZA, /LB, «£C, and £D:
- 3. c D c
X y® 5%X+5° 9y
457 " $0° @ 3y
A g 3 A ’ 8
17, Find w, x, y, and z: 18, Find x, y, and z:

19, Tind x if AC = x° - 13 20, Find x, AC and BD:

and BD = 2x + 2:
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CHAPTER IV

SIMILAR TRIANGLES

L,1 PROPCRTICNS

In our discussion of similar triangles the idea of a proportion
will play an important role, In this section we will review the
important properties of proportions,
A proportion is an equation which states that two fractions are equal,
Rl e S ]
For example, % = %5 ‘is a proportion, We sometimes say "2 is to 6 as 4
is to 12," This is also written 2:6 = 4:12, The extremes of this proportion

are the numbers 2 and 12 and the means are the numbers 6 and 4, Notice

R

I

that the product of the means 6 x 4 = 24 is the same as the product of the

extremes 2 x 12 = 24,

THEOREM 1, If % = g then ad = be, Conversely, if ad = %o
then % = % . (The product of the means is equal to the product of the
extremes),

EXAMPLES
2 L
Z=1; and 2x12 = 6 x 4 are both true,

2 _6 .

3 s and 2 x 9 = 3 x 6 are both true,

1 L i -

T and 1 x 12 =4 x 4 are both false,

Proof of THEOREM 1: If , multiply both sides of the

(AT

2
b

equation by bd:
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(m) = ;(bﬁ?

Wi

WYe obtain ad = be,

Conversely, if ad = be, divide both sides of the equation by bd:

Xe

o T

The result is

Qo

&
b

The following theorem shows that we can interchange the means
or the extremes or both of them simultaneously and still have a valid

proportion:

THEOREM 2, If one of the following is true then they are all true:

W § -3
@ % -
(3 €& = 2
ay & - B

Proof: If any one of these proportions is true then ad = bte &by
THEOREM 1, The remaining proportions can then be obtained from ad = %e

by division, as in THEOREM 1,

12
N

STy

are all

rjoN

5 2 . L -
EXAMPLE: Z = 12 ' &L r

true because 2 x 12 = 6 x &4,
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The process of converting a proportion % = T% to the equivalent

equation 2 x 12 = 6 x 4 is sometimes called cross multiplication, The
—T—T

idea is conveyed by the following notation:

E 3 )
]
|4

EXAMPLE A, Find x:

Seclution: By "cross multiplication,”

3(20) = x(4)
60 = bx
15 = x
Check:
3 o g . A . 1
x 15 c . LR
Answer: x = 15,
EXAMPLE B, Find x: =— 13 _ gz : i_
Solution: (x - 1)(x+1) = (x-3)(2x +2)
x2 -1 = 2x2 -lUx -6
0 = x2 - Lx - 3§
0 = (x-5)(x+1)
R = E=d 0 = x+1

= X -1 = x

n
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x - 1
x -3
x =1
x -3
Since

Check, x = 5:

_ = i _ L 5 2x % 2
5-3 ~ 2 T < x + 1

Check, x = =1

- M=t =2 _ 1 2% * 2
-1 -3 4 2" x+1

olo

Answer: x = 5,

is undefined, we reject this answer,

olo



)
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PROBLEMS

Find x
6 _ 18 s b _ 2
X 3 X 3
X oy 2 E o 2
L 3 Y. 8 6
7 - X 10 _ 2
1 3 6 2 X
x*5 . 5 8 x-6=___'-3_
X L L 10
X 2 Y &4+ X

Z=3 o =g -
2x + 6 X » x -2 x -1
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4,2 SIMILAR TRIANGLES

Two triangles are said to be similar if they have equal sets of

angles, 1In Figure 1, AABC is similar to ADEF. The angles which are
equal are called 2253252252325 %ﬁg&fff In Figure 1, ZA corresponds to 4D,
L B corresponds to 4E, and /C corresponds to 4F, The sides joining
corresponding vertices are called EEEEEEEEEE&E% E}ggi. In Figure 1, AB
corresponds to DE, BC corresponds to EF, and AC corresponds to DF, The
symbol for similar is “~ . The %EEEEEEEE¥ EEEEETEEP AABC A DEF will
always be written so that corresponding vertices appear in the same order,
For the triangles in Figure 1, we could also write ABAC~ AEDF or

AACB “~ ADFE but never AABC -« AEDF nor AACB “ADEF,

Figure 1, AABC is similar to ADEF,

We can tell which sides correspond from the similarity statement,
For example, if AABC v ADEF, then side AB corresvonds to side DE tecause
both are the first two letters, BC corresponds to EF tecause beth are the
last two letters, AC corresponds to DF because beth consisi of the Tirst

and last letters,
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EXAMPLE A, Determine if the triangles are similar, and if so,

write the similarity statement:

<

Solution:

180° - 110° = 70°,

LC = 180° - (65° + 45°)

180° - 110° = 70°,

/D = 180° - (65° + 45°)
Therefore both triangles have the same angles and AABC “ AZEFD,

Answer: AABC~—~ AZTFD,

EXAMPLE A suggests that to prove similarity it is only necessary to

know that two of the corresponding angles are equal:

THZOREM 1, Two triangles are similar if itwo angles of one equal
two angles of the other (AA = AA),

In Figure 2, AABC — ADEF because ZA = LD and 4B = (LE,

Proof:

L0 = 180° = (£A + 4B) = 180



16 A
c / /\
// \\ 2 3
A 8 D c
Figure 2, AABC - ADEF btecause A4 = AA,
EXAMPLE B, Determine which triangles are similar and write a
similarity statement: C

/ | E\
A 4 3

Solution: ZA = LCDE because they are corresponding angles of
parallel lines, /£ C = /C because of identity, Therefore A ABC.-~ A DEC
oy AA = AA,

Answer: A ABC «~ ADEC,

EXAMPLE C, Determine which triangles are similar and write a

similarity statement: / 2
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Solution: /A = ¢A, identity., £ACB = £ADC = 90°, Therefore

1
£ 1
AABC ~——m™AACD

- Sl

|
L go®——

Also LB = 4B, identity. 4BDC = ALBCA = 20°, Therefore

| I )
e « ACT

B

Answer: /A ABC ~AACD~ ACED,

A A

Similar triangles are important vecause of the following theorem:

THECREM 2, The corresponding sides of similar triangles ars

proportional, This means that if AABC «— ADEF then

That is, the first two letters of AABC are to the first two letiers of
A DEF as the last two letters of AABC ars to the last two letters of ADEF
as the first and last letters of AABC are to the first and last letters of

ADEF,

Before attempting to prove THECREM 2, we will give several examples

of hnow it is used:
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EXAMPLE D, Find x: F
e
3 4
2 g
A B D

Solution: /A = /D and 4B = £E so AABC « ADEF, By THEOREM 2,

AB _ BC _ AC

DE ZF  DF°

. AB 2 3 B
We will ignore here since we do not know and do not have to find either

DE

AB or DE,
BC _ AC , BC _ AC
=F DF Check: EF DF

8 _ 2 8 2
X 3 x 3
24 = 2x 8

12
12 = x

2

3

Answer: x = 12,

EXAMPIZE E,




Solution: LA = LA, ZADE = LABC, sc AADE “ AABC by AA = AA,

AD _ DE _ AE
A3 BC AC ¢
e ignore &
e ign I
DE AE DE _ AE
BC - AC Checks BC - AC
S o 10 5 10
i5 10 + x 15 10 + x
5(10 + x) = 15(10) i 10
3 10 + 20
50 + 5x = 150
10
5% = 150 = 50 30
5x = 100 i
g
x = 20
Answer: x = 20,
EXAMPLE F, Pind x:
=
3
D S E
Y
X
>
A X+S5 8
Solution: /A = /CDE because they are corresponding angles of
parallel lines, /JC = /O tecause of identity, Therefore AABC -~ ADIC

by AA = AA,

167
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B _ BC _ AC
DE EC DC
o BC
We ignore =
AB _ AC ;
o el Check:
x+5 _ x+3
L 3
(x+5)(3) = (4)(x+3)
3x + 15 = Lx + 12
15 = 12 = bx - 3x
3 = x
Answer: x = 3,
EXAMPLE G, Find x:
|
D
X
A % c
Solution: /A = /A, /ACB = £ADC = 90°,
AC AD
x+12 _ 8
8 Tox
(x +12)(x) = (8)(8)

"
\S} +loo F{E c{: i
m'm
* 8l

D owioy W4+ Wi+

A ABC — A ACD,
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x2 + 12x 64

xz +12x -64 = 0
(x =4)(x+16) = 0
x = L x = =16

We reject the answer x = =16 because AD = x cannot be negative,

Check, x = 4: AB _ AC
AC AD
x + 12 8
8 X
L + 12 8
8 L
16
8 2
2

Answer: x =14,

EXAMPLE H, A tree casts a shadow 12 feet long at the same time a

€ foot man casts a shadow & feet long, What is the heighi of the tree?

A % C
Solution: In the diagram A3 and DE are parallel rays of the sun,
Therefore LA = /D because they are ccrrestonding angles of parallel lines

with restect to the transversal AF, Since alsc LC = 4T = 900, we

have AQAABC v ADEF by AA = AA,
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AC _ EC
DF EF
L _ 8
i2 X
bx = 72

x = 18

Answer: x = 18 feet,

Proof of THEOREM 2 ("The corresponding sides of similar triangles
are proportional"):
We illustrate the proof using the triangles of EXAMPLZ D (Figure 3).

The proof for other similar triangles follows the same pattern, Here we

2 8

will prove that x = 12 so that 3" x

Figure 3, The triangles of EXAMPLE D,

First draw lines parallel to the sides of AABC and ADEF as shown
in FPigure 4, The corresponding angles of these parallel lines are equal
and each of the parallelograms with a side equal to 1 has its opposite
side equal to 1 as well, Therefore all of the small triangles with a

side equal to 1 are congruent by AAS = AAS, The corresponding sides of



c //\ X
3 1/’/\\1\ 3/: /

8’ -
S \ N /
] A /J
~ ’ .
/ X / ; ./ \\\
B D E
Figure 4, Draw lines parallel to the sides of AABC and A DEF,

N
-

>~

Cd

these triangles form side BC = 8 of AABC (see Figure 5), Therefore each

of these sides must equal 4 and x =EF =4 + 4 + 4 = 12 (FPigure 6),

F
Lfk\\\&i\\\
A, 3
!/ ,1 L’“\
I %

n i O
S SN
A v N

D _ E
Figure 5, The small triangles Figure 6, The small triangles
ars congruent hence the of ADEF are congruent to the
corresponding sides lying on small triangles of A ABC hence
BC must each be equal to 4, x=EF =044+ 04 +4 =12,

(Note to instructor: This proof can be carried out whenever the lengths of
the sides of the triangles are rational numbers, However, since irrational
numbers can be approximated as closely as necessary by rationals, the proof

extends to that case as well.)
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Historical Note: Thales (¢, 600 B.C.) used the provortionality

of sides of similar triangles to measure the heights of the pyramids in

Egypt, His method was much like the one we used in EXAMPLE H to measure the

AD

heizht of trees,

Flgure 7, Using similar triangles to measure the height of a pyramid,

In Figure 7, DE represents the height of the pyramid and CE is the
length of its shadow, BC represents a vertical stick and AC is the length
of its shadow, We have AABC -« ACDE, Thales was able to measure
directly the lengths AC, BC, and CE, Substituting these values in the

BC AC

prorertion SO he was able to find the height DE,
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PROBLEMS

1 - 6, Determine which triangles are similar and write the similarity

statement:
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7 - 22, For each of the following (1) write the similarity statement,

(2) write the proportion between the corresponding sides, and (3) solve

for x or x and v,

F
7.
'
3
o
X £ £
A X B D 9 E
8.
f:
C
/A
{//?f/;z/////’\\\i;\\ ,//;//////////////«\\\\QE%\
A /2 B D Y E
C
F
2%-2 2X+4 //\
X+3 XTI
P % q
A A 0 £ '

10, c F
4 /\
D. \#

\‘.—-
c
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1

B Ox+ 1

A Hxt6 B A 3x+3 2
17 . cC 18 ;
LA
3 L
/ g '.I_S
D/ . B
X
v/ 2
-~ \\‘_

A : :
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B
19, / 20,
/6
<
D
g X
|
A X c A 3 D i &
21, 22, &
/0 g
Vi E
/2
/2 z
FZ G
5
\>’
AN
A X 3

23, A flagpole casts a shadow 8C feet long at the same time a 5 foot

boy casts a shadow 4 feet long, How tall is the flagpole?

2Lk, TFind the width AB of the river:

B
~—— | e ) —
R lveir
R | e — A it
| £
A 5 e EI



4,3 TRANSVERSALE TO THREE PARALLEL LINES

In Chapter I we defined z transversal to bte a line which intersects

two other lines, ¥We will now extend the definition to a line which

intersects three other lines, In Figure 1, AR is a transversal to three

lines, /

!n

/o

/

Figure 1, AB is a transversal to three lines,

If the three lines are parallel and we have two such transversals

we may state the following theorem:

THEZOREM 1, The line segments formed by two transversals crossing

threse parallel lines are provertional,

o s a
In Figure 2, 5 - a4

177
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EXAMPLE A, Find x: /

Solution: p A 8
3 L
Ly = 24
x = 6
Check: X 8
3 4
6
= 2
3
2

Answer: x = 6,

Proof of THECREM 1: Draw GR and HC parallel to DF (Figure 3).
The corresponding angles of the parallel lines are equal and so ABCH -~ AARG,

Therefore

Now CH = FE = ¢ and BG = ED = d because they are the opposite sides of

a parallelogram, Substituting, we cbtain

a _ &
o d


http:Substituti..11

a NA\ | '
AR,
b / :\. r } d
VA,

/¢ \

A

Figure 3, Draw GB and HC parallel to DF,

EXAMPLE B, Find x:

C
X/ AX+2

)
N
//?n

A D
Solution:
X o 2x+*2
3 4x + 1
(x)(x + 1) = (3)(2x +2)
bit 4% = bx +6
bx* - 5« =6 = 0
(x =2)(bx+3) = ©
X =2 = 0 or Lx+13 = 0
X = =2 Ly = =3
‘_1[’
2

We reject x = - ﬁ tecause BC = x cznnot te negative,
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Check, x = 2:

Answer: x = 2,

RS

(OSSN




PROBLEMS
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3 b,
C I
x[ 2
B \E
rJI/ \1
A D
5. €.
e
X
/
R
]

Xta

”// \F v
{
[,
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4,4 PYTHAGOREAN THEOREM

In a right triangle the sides of the right angle are called the
legs of the triangle. The remaining side is called the hypotenuse,
(T W e T

In Figure 1, side AC and BC are the lsgs and side AB is the hypotenuse,

A :Ie} C

Figure 1, A right triangle,

The following is one of the most famous theorems in mathematics:

THEOREM 1 (Pythagorean Theorem), In a right triangle, the square

— e —— T

of the hypotenuse is equal to the sum of the squares of the legs,

That is,

, 2
leg™ 4 leg™ = hypotenuse

AV ]
V)

In Figure 1, a2 +b = ¢

Before we prove THECREM 1, we will give several examples,

- -



EXAMPLE A,

Solution:

Check:

Answer:

EXAMPLE B,

Solution:

leg2 + leg2
32 4 42

9 + 16

25

Pind x:

n

183
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Check: 1eg2 - legz = hypz

2 102

25 + (54/3)° | 100
25 + 2549
25 +:25(3)

25 + 75

52 + X

100

Answer: x = 5.3 .

EXAMPLE C,
Solution: 1eg2 + leg2 = hyp
52 + 52 _ x2
25 + 25 = x2
50 = K2
Check: leg2 + legZ = hyp2
52 & S2 x2
25 +25 | (542)°
50 | 254%
25(2)
50

Answer: x = 54f§ i
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EXAMPLE D, PFind x: B
X+2
X
&
2] X+1 C
2 2 2
Solution: leg™ + leg™ = hyp
X% + (x + 1)2 = (x + 2)2
2 2 2

X +x +2x+1 = x +Lx+4

x2 + x2 +2x+1 - x2 -=4x -4 = 0
X B = 3 =0
(x =3)(x+1) = 0
X=-3=0 x+1=0
x =3 x = =1
We reject x = -1 because AC = X cannot be negative,

Check, x = 3:

leg + leg® = hyp<
o+ (x+1)% | (x+2)3
F+3+1)°% | 3+2)7°
9+ 4% | &
9 + 16 25
25

Answer: x = 3,

We will now restate and prove THEOREM 1:
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THEOREM 1 (Pythagorean Theorem), In a right triangle, the square of

the hypotenuse is equal to the sum of the squares of the legs, That is,

}.eg2 + leg2 = hypotenusez i
In Figure 1,
2
= Q 4
B
C-X
c D
(o8
X
A b= leg C A b 2
Figure 1, A right triangle, Figure 2, Draw CD

perpendicular to AB,

Proof: 1In Figure 1, draw CD perpendicular to AB, Let x = AD, Then
BD = ¢ - x (Figure 2), As in EXAMPLE C, section 4,2, A ABC “~ A ACD and

A ABC ~ ACBD, From these two similarities we obtain two proportions:

A ABC v~ AACD A ABC v ACED
AB _ AC AB _ BC
AC AD CB BD
e _ b c _ 2

b X a c - X
ex = B c(ec = x) = a*
2 2

¢ =CcX = a
S c2 _ b2 - a2
c:2 = 8.2 + b2

The converse of the Pythagorean Theorem also holds:
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THEOREM 2 (converse of the Pythagorean Theorem)., In a triangle, if the
square of one side is equal to the sum of the squares of the other iwo sides

then the triangle is a right triangle.

In Figure 3, if o® = a° + b° then AABC is a right triangle with £C = 90°,

5]

A b C

Figure 3, If ¢ = a2 + b2 then £C = 900,

Proof: Draw a new triangle, ADEF, so that £F =90°, d =a, and e = ©

(Pigure L), ADEF is a right triangle, so by THEOREM 1, f2 = d2 + ez,

We have f2 = d2 + e2 = az + b2 = c2 and thereforse f = ¢. Therefore

AABC = A DEF because SSS = S35, Therefore £C = £F = 90°,
B 4
v
Va
A
é s b
. 7, el
/
/
4 0
- vd d [
A b c D e 2
Tigurs 4, Given AABC, draw ADEF so thet 47 =00°, d =2 and e = b
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EXAMPIE E, TIs AABC a right triangle? g
!.
V(30
C[
A 7 <
Solution:
ac® = 7% = 19, 3c° = 9% = 81, AB° = (AJ130)2 = 130,

49 + 81 = 130 , so by THEOREM 2, AABC is a right triangle,

Answer: yes,

EXAMPLE F. Find x and AB: | 20
] >
/
3 12
5 s C
A X E
Solution: x2 + 122 = 132
X2+ 14 = 169
xz = 169 = 144
x2 = 25
x = 5

CDEF 1s a rectangle so EF = CD = 20 and CF = DE = 12, Therefore FB = §

and AB=AE + EF + FB = 5 + 20 + 5 = 30,

Answer: x = 5, AB = 30,



the ladder reach

15 feet from the building?

Solution: 1eg2 + leg2

x2 " 152

x2 + 225

2

X

2

X
X

Answer: 36 feet,

if the foot of the ladder is

EXAMPLE G, Find x, AC and BD: 189
Solution: ABCD is a rhombus, The diagonals of a rhombus are
perpendicular and bisect each other,
824 8% = %
36+ 64 = x°
100 = x°
10 = x
AC=8+8=16, BD =6+ 6 =12,
Answer: x = 10, AC = 16, BD = 12,
//
1,8?
EXAMPLE H, A ladder 39 feet long leans against KI 4 /////
a building, How far up the side of the building does _////
39 sy s
-~

W\

1/
A IS C
hyp2
39°
1521
1521 - 225
1296

A/1296 = 36
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Historical Note: Pythagoras (c. 582 - 507 B,C,) was not the first to

discover the theorem which bears his name, It was known long btefors hnis

time by the Chinese, the Babylonians, and perhaps also the Egyvtians and the

Hindus, ccording to tradition, Pythagoras was the first to give a proof of

the theorem, His proof protably made use of areas, like the cne suggested

in Figure 5 telow, (Each sguare ccntains four congruent right iriangles with
b a
o]
a o i

S5 i 2 A i 2 7
Figure 5, Pythagoras may have proved a + b = c¢ in this way,

sides of lengths 2, b, and ¢, In addition the square on the left contains
a sguare with side a and a squars with side b while the cns on the right
contains 2 square with side c¢.) Since the time of Fythagoras, at least
several hundred different procfs of the Pythagorean Theorsm have been prozes

Pythagcras was the founder of the Pythagorean scheool, a secrst
religious soclety devoted to the study of philoscony, mathematics, and
rout, wnich tended to keep the

science, TIts membtership was a select

ﬂ
|48 8


http:scier.ce
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and that all physical relationships could be expressed with whole numbers,
This belief was prompted in part by their discovery that the nctes of the
musical scale were related by numerical ratios, The Pythago?eans made
impcrtant contributicns to medicine, physics, and astronomy, In geometry,
they are credited with the angle sum theorem for triangles, the properties

of parallel lines, and the theory of similar triangles znd rroportions,
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FROBLEMS

1 =10, Find x, Leave answers in simplest radical form,

1, B 2. 2
% X
G 5
[ ]
A g C A |2 €,
3 y M n
17 -
X a4
] L[
A 15 o A X €
5, B 8., B
X 2 :
[ X
-
A I C A X C
7. B 8,
B
2 g
X L
C A X =

Kz &3
0



o]

Y
0
)

&
¢
3 2 "
y

A X A B

11 - 14, Find x and 2ll sides of the triangle:

1, B 12,
.
X
X="
A Xt 8
Q
13, \_ 14,
I\
X-2 X 3%
R X-1 T
15 - 14, Pind
15, 16,
9 N c
D . & P
4 A
B e
24 X \ 7 15
2

N [ 5 [ ]
A 2 ) 2 B
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17. Find x and AB: 18, Find x:
p 15 &
D {O & > ’
1o}
5 4 c X c
|
] > - > [
A X E F B A E F 8
ke A5 =

21, Pind X and y:

22, Find x, AC and ED:

D X c
D L0 c ’ ]
3 5
X A
X 1C = b X
Y >
A Y E 14 B A X 5
23, Tind x, A3 and ED: 24, Find x, AB and AD:
D N &
D : c |
! Mg ] |
3 X A
X *“n? %2 A
| N _ N
A AX+2 B A X~ | A
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25 - 30. Is AABC a right triangle?

25. B 26,

A | 2}
27. B

(¥ 5 J52

30,

55 5 A 3 B

1., A ladder 25 feet long leans agzainst a2 building, How far up the side of

the building does the ladder reach if the foot of the ladder is 7 feei from the

f

1 . -~
tuilding
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32. A man travels 24 miles east and then 10 miles north, Af the end of

his journey how far is ne from his starting voint?

33. Can a table @ feet wide (with its

legs folded) fit through a rectangular /

doorway 4 feet by 8 feet? /

34, A baseball diamond is a square 90
feet on each side, Find the distancse
from home plate to second tase (leave St sl

answer in simplest radical form).

H Uil
Piate
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L 5 SPECIAL RIGHT TRIANGLES

There are two kinds of right triangle which deserve special attention:
i RO Ol . O 4,20 xp0 " ;
the 307 -60"-90° right triangle and the 45 -45°-80° right triangle,

A triangle whose angles are 300, 600, and 90° is called a 30°-60°-50°

triangle, A ABC in Figure 1 is a 30°-60°-90° triangle with side AC = 1,

e —

5)
30]
¢ G0
A | c
Tigure 1, A 30°-60°-90° triangle, Figure 2, Draw 2D and CD,

To learn more about this triangle let us draw lines BD and CD as in
Figure 2, AABC = A DBC by ASA = ASA so AC =DC =1, AABD is an eguiangular

triangle so all the sides must be equal to 2, Therefore A3 = 2 (Figure 3),

4

-

igurs 3, i juianguiar with all sides equal to 2,
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Let x = BC, Let us find x, Applying the Pythagorean Theorem to A ABC,

leg2 + leg2 = hyp2
12 + x2 = 22
1+ x2 = 4
x2 = 73

3

Now suppose we are given another 300—600-900 triangle ADEF, with side

"
L

DF = 8 (Figure 4), ADEF is similar to AABC of Figure 3, Therefore

DF _ DE. g DF _ EF
AC ~ AB 2 AC ~ BC
8 _ DE 8 _ EF
1 2 1 -

A3
16 = D= 8A/3 = =F

D g F

Figure &, ADEF is similar to AABC of Figure 3.

Cur ccnclusions abecut triangles ABC and DEF suggest the following
theorem:
q-vq—n b U | ? O AO,‘O - 33 . __.{. - S e
THECREM 1, 1In the 30 -607-20 triangle the nyvotenuse is always twice
§ ’ o} 5
as large as the leg opvosite the 30 angle (the shorter leg), The leg
= == - R N

oprosite the 60" angle (the longer leg) is always esgual to the shorter leg
= T —



>
D
~0

(Bt

[11]
H
Ui
0]

Ne
=
)
|_J'

igure 5, The hypotenuse is twice the shorter leg and the longer le

to the shorter leg times the q/? .

In Figure 5, s = shorter leg, L = longer leg, and hyp = hypotenuse,

THECREM 1 says that

-~

hyp = 2s

and L = squ. ‘
L

Note that the longer leg is always the leg opposite (furthest away from) the 60

o]

angle and the shorter leg is always the leg opposite (furthest away from) the

il
307 angle,

FAAMFLE A, PFind X and y:
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I
-
(gv]
(&)
(8]
|
P
(9)3
()
+
0
]
o]
s
1}
[N
(@]
&
|
(SRS
\n
o
I
L%
i
1]
O
>
HES
&%)
«
Ho
mn
M

Solution: /3B = 1
30°-60°-50° triangle, By THECREM 1,
hyp = 2s L = s4/3
v

Answer: X = 7.3, v = 14,

h

0 e o) O ~AnAC s - = D T
60" so AABC is a 30 -60-90° triangle, By THEORZM 1,

L = 55

u:
o
ey
ok
Hl
0
5
N
Y
Il

W
\S\\

L

he seccnd special triangle we will

4 triangle whose angles are 457, 457, and
= x 1 $ ot w3 ans] RO
or an isosceles right triangle. AABC in

e —— TN e —



(@

o ..
L]

4s

Thersfore AC

Pythagorean Theorem,
legz ¥ leg2
12 3 14
T +1
2

0

—_ 20
Figure 7, The legs of the 45 -
- WO
L5°=30" triangle are egual,

5

= ‘h:r?
Z

= X
g

= X

= M

= X
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Solution:

450_450_900

ik
uriaﬂgle .

o}

3 = 180° - (45° + 90°) = 180° - 135° = 45°, So AARC is

By the Pythagorean Theorenm,

leg2 + legz = hVPZ
& +8% = &
Gy + 6t = x°
128 = ¥

M1z = Jobh J2 = 8/Z.

Answer: x = 8y 2,

=
Il

The triangles of Figure 6 and EXAMFPLE C suggest the following theorem:

— " T o R 5
THECREIM 2., In the 45 <45 -00" triangle the legs are equal and the

hypotenuse is equzal

i
b
(b
(W]
vt

(1}
[
i
m

e
\1c
i

to either leg times wfg.

hyp 1s the hypotenuse and L i1s the length of each leg,

hyp = L vﬁgi_1

¥ | - - - 3= FR o | - - -~ 7 -~
e antlis 3 The nvT =2nuss 2 aniia 0O a1Tng s Tomes
re equzsl ana = EGuenuse 18 equidl Lo 21inex ie EXTRES

a

AC = BC = 8 because these sides are opposite equal angles,



EXAMPLE D, Find X and y:

Solution: /B = 45°,

Another method:

A ABC is a h5°—45°-90° triangle,

So AABC is an isosceles right triangle and x = y,

& y2 - aZ
+x2 = 15
2% = 16
< = 8
x = 4/8 = /2 = 23,
Answer: x=y=21/§,
Hence by THEOREM 2,
hyp = L Z
o= x42
SN, & o
V2 AT
x = B o & YE = 4VE = ZJE.
V2 Y2 42 2
Answer: x=;=21/§,
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EXAMPLE E, Find AB: C
™
(] . 3
/ X |C
45 .
A E B
Solution: AADE is a 11-50-450-900 triangle, Hence
hyp = L2
10 = xv2
o _ xlE
2
4 5 Y
X = 1—0 = ﬁ 1 ‘ig = 10v2 = 5,\/~2—.
12 -JE 2 2

&
Il
I
1

Now draw CF perpendicular to AB (Figure 9)., /B = 45° since ABCD is an isosceles

D I c
’ l
O I
! X=5J7 ‘ -
45° ' - 2
A = B

SV=x
Figure 9, Draw CF perpendicular to AB,

trapezoid (THEOREM L4, Section 3.2). So ABCF is a 45°45°-90° triangle congruent

1

/

b,

(R}

to AADE and therefore BF = CDET is a rectangls and therzfore EF = 10,

n

Ye have AB = AE + EF + FB = 5¢/2 + 10 + 54/2 = 10v/2 + 10,

Answer: AB = 10v2 + 10,
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EXAMPIE F, TFind AC and BD:

Solution: ABCD is a rhombus, The diagonals AC and BD are perpendicular
and bisect each other, (AEB = 90° and ZABE = 180° - (90° + 30°) = 40°,

So A AZB is a 30°- 40°- 20° triangle,

hyp = 2s L = sJ3
4 = 2(BE) AE = 2V3
2 = 3E AC = 243 +243
BD = 242 = 4 AC = 443

Answer: AC = b1f§, BD = 4,

Historical Note: The Pythagoreans believed that all physical relation-

ships could be expressed with whole numbers, However the sides of the
special triangles described in this section are related by irrational
numbers, /2 and 'JE. An irrational number 1s a number which can be
approximated, but not expressed exactly, by a ratlo of whole numbers, Fozr

example V2 can be approximated with increasing accuracy by such ratios as

14
100 *

i-‘.
=

1414
1000 ’

1.4 = , 1.4 = 1,414 = ete, , but there is no fraction

[y
o

of whole numbers which is exactly equal to 'VE. (For more details and a
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proof, see the book by Richardson listed in the References), The Pythagoreans
discovered that 1/5 was irrational in about the 5th century B,.C, It was

a tremendous shock to them that not all triangles could be measured "exactly,"
They may have even tried to keep this discovery secret for fear of the damage
it would do to their philosophical credibility,

The inability of the Pythagoreans to accept irrational numbers had
unfortunate consequences for the development of mathematics, Later Greek
mathematicians avoided giving numerical values to lengths of line segments,
Problems whose algebraic solutions might be irrational numbers, such as
those involving quadratic equations, were instead stated and solved geometrically,
The result was that geometry flourished at the expense of algebra, It was
left for the Hindus and the Arabs to resurrect the study of algebra in the
Middle Ages, And it was not until the 19th century that irrational numbers
were placed in the kind of logical framework that the Greeks had given to

geometry 2000 years before,



1 =10, Find x and y:
B

i‘

207

PROBLEMS
B
2,
7 3
60’ [}
A X C
L,
B
20
%
30°
A 4 C
6.
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11 - 14, Find x:

11,
=
[0
t5°
A ¥
13, D 3 c
3% X 213
45" o ]
A 3 B
15 = 20, Find x and y:
15.
D 5 c
A X /T
30 " [
A Y B

10,
6Jz
r
A X
12,
C
X
A
1, p X c
X A 5 N
# §
A X 2]
16,

Y
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18,
C D - &
I5 <
Qoo r LY
B A Y E 8
19 c 20

G
Y
R i
A X D R A D Y B
21 - 22, Find x and AB:
21, 0 ‘9 & 22,
60 S i - X
A 3 8 A E B
23 - 24, Find x and y:
23, 2L
4 i
f 0 g
f >
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25. Find AC and BD: 26, Find x, AC and BD:
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4,6 DISTANGCE FROM A POINT TO A L

“
Suppose we are given a point P and a2 line AB as in Figure 1, We

“
would like to find the shortest line segment that can be drawn from P to AB,

A

“
Figure 1. Point P and line AB,

First we will prove a theorem:

THEOREM 1, 1In a right triangle the hypotenuse is larger than either leg,

In Figure 2, ¢>a and ¢>b, (The symbol "> " means "is greater than,")

r B
© /_.//
L
'_.
A o) e

FPigure 2, ¢ is larger than either a or b,
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Proof: By the Pythagorean Theoren,
m/az + 12 >+/8% = a,

a2 + bz >4/ b2

c

1
o'

c

Now we can give the answer to our question:

THEOREM 2, The perpendicular is the shortest line segment that can be
drawn from a2 point to a straight line,
e
In Figure 3 the shortest line segment from P to AB is PD, Any other

line segment, such as PC, must be longer.

>
Figure 3, PD is the shortest line segment from P to AB,

Proof: PC is the hypotenuse of right triangle PCD, Therefore by

THEOREM 1, PG> FD,

We define the distance from a point to a line to be the length of the

e e o e heem, T e

perpendicular,
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“—
EXAMPLE A, Find the distance from P to AB:

©
Solution: Draw PD perpendicular to AB (Figure 4), APCD is a 30°-60°-90°

triangle,
A
>
Figure 4, Draw PD perpendicular to AB,
hyp = 2s
8 = 2(CD)
4L = CD
L = s-vrg

=

PD = llqué Answer: 44/ 3,
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PROBLEMS
—
1 - 6, Find the distance from P to AB:

; A 2,
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CHAPTER V

TRIGONOMETRY OF THE RIGHT TRIANGLE

5.1 THE TRIGONOMETRIC FUNCTIONS

Trigonometry (from Greek words meaning triangle-measure) is the branch
R T W N T
of mathematics concerned with computing unknown sides and angles of triangles,
For example, in Figure 1, we might want to measure the height of the tree
without actually having to ¢limb the tree, The methods of trigonometry will

enable us to do this,

AN -
TR
"'r/ .-'ff" Y t
Ao
A b
s | L
P4 \_\‘ ! "‘;
e | Ko >
// i | 1
# . '-,\E..Cjﬁr\t
s i
: . 1]
// C‘OI—__IL-‘t
2 I
A/ 43 -/_J_"
Bt NET =
50 feel

Figure 1, Trigonometry will enable us to measure the height of the tree without

actually climbing the tree,

In this book we will consider Jjust the trigonometry of the right triangle,
In more advanced courses, trigonometry deals with other kinds of triangles as

well, Here, however, the following definitions apply only to right trianzles,

In right triangle ABC of Figure 2, AC is called the l=g adjacent to /A,
A W, W
"Ad jacent" means "next to," BC is called the leg opposite &, "Opposite"
D

here means "furthest away from,"
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le‘j OFPD;L‘QG LA

40

\'}G\C(’-ht to LA

=
A Jej ad c

Figure 2, Right triangle ABC,

We define the sine, cosine, and tangent of an acute angle A in a right

triangle as follows:

_ leg opposite <£A _ ©opD
sdas A hypotenuse (aln 4 hY?)
SeEinE K - leg adjacent to £ A (cos & = g.l)

hypotenuse hyp
- leg opposite £ A _ opp
tangent A = T djacent to Z A (tan &4 = 733

The sine, cosine, and tangent are called trigonometric functions,
A L e i i P i i

>
EXAMPLE A, Find the sine, cosine,
and tangent of <LA: _
3 4
y []
A 3 -
Solution: 1leg adjacent to <A = 3,
leg opposite A = 4,
hypotenuse = 35,
- 9PD _ 4 w 281 & 2 = ODD _
sin A hyp 3 cos A hyD 5 - tan A 2d3
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L 4
Answer: sin A = g , COS A = % , tan A = § ”
EXAMPLE B, Find the sine, cosine, B8
and tangent of /£ B:
3 _
i
[]
A 3 €
Solution: 1leg adjacent to 4B = &4,
leg opposite 4B = 3,
hypotenuse = 5,
- o _ 3 - a4l _ & - o _ 3
sin B hyp B cos B hyD £ tan B 2d 3 n
)
Answer: sinB=%,cosB=§,tanB=%

The definitions of sine, cosine, and tangent should be memorized. It may

be helpful to remember the mnemonic "SOHCAHTOA:"
Sin = Om/ Hyp o /A\dj/ Hyp Tan “ Opp/Adj

EXAMPLE C, Find sin A, cos 4,

and tan A: 8

\
1 S
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Solution: To find the hypotenuse, we use the Pythagorean Theorem:

leg2 * 1eg2 = hypz
52 + 122 = hyp
25 + 14t = hyp
169 = hyp
13 = hyp
sin A = %?% = I%' cos A = %%% - %% tan A = gg? = Tg

. -2 =12 -l
Answer: sin A 13 cos A 13 tan A 1

EXAMPLE D, Find sin A, cos 4, 8

and tan A:

l

L5

|
P -
A C

Solution: AABC is a 30°-60°-90° triangle so by THEOREM 1, Section 4,5,

AB= hyp = 2s=2(1) = 2 and AC =L =543 = (1)/3 = /3, //15
_ oo _ 1 _oadi _ V3 2
sin A = hyp - 2 * cos A = hyD 5 s |
|
e MR L L E o L q/? - .jéi ’ ;
tand =W T V3T V3 3 - 50° A
A JE £

o
e

Answer: sin A = % , COS A= =<, tan A = .



EXAMPLE E, Find sin D, cos D,

and tan D: E

Ui

Solution: Again using THEOREM 1, Section 4,5, DE = hyp = 2s = 2(5)

= 10and DF =L = s,/3 = 5,3,

: Y
“ BB o e om A -l _ 53 _ 3 _ om
sin D hyp 10 5>, cos D FiyD 10 > tan D = ad]
8 1 A3 &
573 ~ 43 3
1O
5
3¢”
D 53 F

= =
Answer: sin D = % , cos D = 353-, tan D = 3%1

Notice that the answers to EXAMPLE D and EXAMPLE E were the same, This
is because /A = LD = 300. The values of the trigonometric functlons for
a11 30° angles will be the same, The reason is that all right triangles with
a 300 angle are similar, Therefore their sides are proportional and the

trigonometric ratios are equal, What holds for 300 angles holds for other

acute angles as well, We state thls in the following thecrem:
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THEOREM 1, The values of the trigonometric functions for equal angles
are the same,
In Figure 3, if /A = /D = x° thensinA = sinD, cos A = cos D,

and tan A = tan D,

m

X’ n A 1

A & D F

= x°sosinA = sin D, cos A =cos D, and tan A =

n
~
o

Figure 3, /A

Proof: LA = 4D = x° and /C = (F = 60° so AABC “ ADEF by

AA = AA, Therefore

BC _ B AC _ 4B B _ AC
EF pg 2d  Ip pE 2 Ep DF °

By THEOREM 2, Section 4,1, we may interchange the means of each proportion:

DF BC _ EF
== and _—

ZF and Ag = =
AB DE AC DF °

AB ~ DE
These proportions just state that

sin A = sin D, and cos A = cos D, and tan A = tan D,
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THEOREM 1 tells us that the trigonometric functions do not depend on the
particular triangle chosen, only on the number of degrees in the angle, If we
want to find the trigonometric values of an angle, we may chose any right

triangle containing the angle which is convenient to use,

12

EXAMPLE F, If sin A = 3 find cos A and tan A,

Solution: If sin A = ﬁ?ﬁ = %% then there is a right triangle ABC
containing /A with leg opposite /A = 12 and hypotenuse = 13 (see Figure
Ll')o 3 B

13
|2
i
A b C

(V]

Figure 4, /A ABC with leg opposite £ A = 12 and hypotenuse = 1

Let b = leg adjacent to ZA,

2
hyp
13

2
b+ 4 = 169

leg2 + 1eg2

v + 122

-4l -4l
b2 = 25
b = 5
= 247 _ 5 - ooo _ 12
cos A hyD 13 s tan A ad ] 5 -

ulis

Answer: cos A = f% , tan A =
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EXAMPLE G, If tan A = 2 find sin A and cos A,

Solution: tan A = % = 2 = % . Let AABC be such that
a = leg opposite /A = 2and b = leg adjacent to £ A = 1, See Figure 5,
B
& a=2a
A b=| C

Figure 5, AABC witha = 2and b = 1,

Byl o B

o2 448 . B

4+1=02

5=02

J5 o= ¢

oo _2 _ _2.a5 _ 25
ke hyp ~ A5 V3 A5 5
-oadi _ 1 _ _1 A5 _ A5
L hyp /5 A5 A/5 g

o

Answer: sin A = g'—\;i_,cosA= .
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PROBLEMS
1 - 14, Find sin A, cos A, tan A, sin B, cos B, and tan B:
8
1. g, 3
I3 E! H 40
A A,
A 5 & A 9 C
3 b,
C
&
\
/ \ Pl
g \
A 17 8 A 25 8
5 6.
B &
|10
30 ] 3 30°
A < A g 2;
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)

9. i~ 10,
2%
V3 4
/’GOO 60"
A B8 A
11, 12,
%
3 Jio
8
¥ [ L[]
C P' ] C
L] L!"
13 R 1
Y JT
2
n
A A
15, If sin A = l—;- find cos A and tan A,
16, If sin A = % find cos A and tan A,
|
17, If cos A = ﬂél find sin A and tan A,
18, If cos A = % find sin A and tan A,
16, If tan A = 2 find sin A and cos A,
20, If tan A = 1 find sin A and cos A,
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5.2 SCLUTICN OF RIGHT TRIANGLES

P : ; 0 ;
In the preceding section we showed that 211 30 angles have the same

trigonometric values, If ws compute each of these values to four decimal

" « 20 1 A0 3 1,7320
vlaces, we obtain sin 30" = 5 = 5000 , cos 30" = 2’ = ‘2 -
o ~/3 1,7320 ol . .
.8660 , and tan 30" = 3/ - 3 2 = .577% . These numbers appear in
-

. < o
the table of trigonometric values on page 356 in the row corresponding to 30,
As you can see, this table contains the trigonometric values of angles from
o o . . e . . .
17 to 907, It is impractical to compute most of these values directly, so we
will use this table when we need them, A pocket calculator with trigonometric

functions may also be used,

IYAMPLE A, Find sin 20°, cos 20°, and tan 20°,

O
.

o . < ;
Solution: Look for 207 in the angle column of the table on page 35

Angle Sin Cosine Tangent
o A "
20 3420 9397 3680

If you are using a pocket calculator, first make surs that it is in degree

mode, Then tyce in 20, followed by the sin, cos, or tan keys,

g o P © o 50 e
Answer: sin 20 = ,3420, cos 20 = ,G3G7, tan 20 = ,3640 .

EXAMPLE B Tind x to the nearest tenth:
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Solution: We wish to find the leg opposite 20° and we know the
hypotenuse, We use the sine because it is the only one of the three trigonometric

functions which involves both the opposite leg and the hypotenuse,
sin 20° = 2B

hyp
X
320 = 35
(10)(.3420) = _x (307
1o
3.420 = x

If you are using a pocket caleculator, type 1 0 n 20 Isin] E :

Answer: x = 3.4 ,

EXAMPLE C, PFind x to the nearest tenth:

20

Solution: We know the hypotenuse and we wish to find the leg adjacent

to ZA, We therefore use the cosine,

o _ 2dj

cos 20 = hyD
X

9397 = 0
9.397 = x

If you are using a pocket calculator, tyne 1 0 l?{' 20 'cos| =)

Answer: x = G,4



227

EXAMFLE D, Pind x to the nearest tenth:

Solution: We know the leg opposite £A and we wish to find the leg

ad jacent to «£A, We therefore use the tangent,

tan 20° = 22

adj
10
3640 = ';
10
J3640) = (=)
(x)( ) (/x, (xY
6o x = 10
3640 X _ 10
3640 .3640
ic _ _10

27,47 is obtained by long division:

27 .4
,364, 110,000, 00
S

If you ars using z pocket calcu
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o

There is an easier method to solve EXAMPIE D, B = G0 - 20 =

The leg opposite £ B is x and the leg adjacent to £ B is 10,

tan 70° = 2EB

adj

P &

2,7475 = 10
(2,7475)(10) = x
27.475 = x
27,5 = x

This method is easier because it involves multiplication rather than

long division,

EXAMPIE E, PFind x to the nearest tenth:

B
/ W
|7
|
— |47 [
A =
o o _ 0oDp
Solution: sin 14 Bvp
- L
L2419 =
2419 x = 7
7 —
X 2419 28.9

In this case there is no way of avoiding long division.*

Answer: x = 28,9

*It is possible to avoid long division by introducing tables for the secant

and cosecant functions, We will not do so in this book,
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B
EXAMPLE F, Find x to the nearest degree:
o
.
A C
Solution: sin xX° = 22
hyp
sin x° = % = 6667
In the table we look in the sine column for the value closest to ,6667 :
Angle Sine
41° ,6561
42° .6691

6667 is closest to ,6691 because ,6691 - ,6667 = ,0024 whereas ,6667 - ,6561
= ,0106 , Therefore x° = 42°, to the nearest degree,

If you are using a pocket calculator, you will need to use the
E or |2nd F||sin| or |SHIFT [sin or s:l.n-'1 keys, depending

on the model of calculator, Type ZI-QWB [E]'[INVi|sin|, then round to the

nearest degree,

Answer: x = 42

EXAMPLE G, Find x to the nearest tenth:

4
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o _ 2omp
Solution: sin 40° = hyD
= X
L)(,6428) = %
(8)(.6428) = %
2,5712 = x
26 & x
Answer:
EXAMPLE H, Find x and y c
to the nearest tenth:
g
¥
[65° 1
A- D 8
M___—-—-V——_—"J
¥
o _ omo
Solution: sin 65 = HS
-
9063 =
(8)(.9063) = (£)(®)
)( 5
7.2504 = x
7.3 = x
To find y we first find AD:
o _ ad
cos 65 s
AD
Jb226 8
(8)(.b228) = £X8)
3,3808 = AD
Since AC = BC = 8 we have ZA = /3B = 65°, Therefore BD =
y = AD + BD = 3,3808 + 3,3808 = 6,7616 = 6,8 ,

Answer:

N

t6 .

x=

AD = 3,3808 ,

x=7.3.}'=5.8.
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Historical Note: The first table of trigonometric values was constructed

by the Greek astronomer Hipparchus (e, 180-125 B,C.), Hipparchus assumed the
vertex of each angle to be the center of a circle, as /AOB is shown to be

in the circle of Figure 1, Depending on the number of degrees in /AOB, his
table would give the length of the chord AB relative to the radius of the .
circle, Today we would measure /AOC instead of ZAOB and use the half chord

AC instead of AB, The ratio 4¢ is then just the sine of £AOC,

Figure 1, The table of Hipparchus gave the length of the chord AB relative to

the radius AQ for each angle AOB,

Hipparchus obtained some of the values for his table from the properties
of special geometric figures, such as the 300-600-900 triangle and the
h5°-&5°-900 triangle, The rest of the values were obtained from those already
known by using trigonometric identities and approximation, The identities he
used were essentially the half-angle and sum and difference formulas which

students encounter in modern trigonometry courses,

The trigonometry of the Greeks, and later of the Hindus and the Arabs,
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was based primarily on the sine function, The Hindus replaced the table of
chords of Hipparchus with a table of half chords, The term sine is derived
from a Hindu word meaning "half=-chord,"

Gradually the right triangle replaced the chords of circles as the basis
of trigonometric definitions, The cosine is just the sine of the complement
of the angle in a right triangle, For example the complement of 60° 1is 30°
and cos 60° = sin 30° = ,5

A tangent is a line which touches a circle at only one point (see
Chapter 7). In trigonometry it refers to just that part of the tangent line
iIntercepted by the angle, relative to the radius of the circle, In Figure 2
the tangent of /DOE is the segment DE divided by the radius 0D, The ancient
Greeks were probably aware of the tangent function but the first known table
of values was constructed by the Arabs in 10th century, The term "tangent"

was adopted in the 16th century, :

E
o D
|
1
|
i
]
DE
Figure 2, The tangent of ZDOE is o

Modern trigonometric tables are constructed from infinite series,
These were first discovered in the 17th century by Newton, Leibniz and others,

For example the infinite series for the sine function is
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0 0 d

Sine x = X - g— + 120 - 50&&0 “" "

where x is in radians, 1 radian = 57.296 degrees, A good approximation of
the sine of an angle can be obtained from the infinlte series by summing just
the first few terms, This is also the method computers and pocket calculators

use to find trigonometric values, The derivation of these formulas is found

in calculus textbooks,
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PROBLEMS

1 - 10, Find each of the following using the table:

1. sin 10° 2. sin 30° 3. cos 80° L, cos 60°
5. tan 45° 6. tan 60° 2. sin 18° 8, cos 72°
9, tan 50° 10, tan 80°
11 - 30, Find x to the nearest tenth: 8
1. B 12,
|0 0]
X X
4o ] 57° M
A € A &
: B
13, 8 14,
%o ] 55° ]
A X C A X c
B .
15. 16, o)
X ¥
5C | Y B
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=

18,

37°

1o

17,

[

50

20,

A

A0

ag”

22,

45

hw.
o

23,
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25.
C
20 X
36
A B
27.
&
X
ag°
A 15
29
A
19¢
X
14
=

31 - 38, Find x to the nearest degree:

3,

B

26,

30,

32,




237

33. 34, 3
-
X 0]
A 3 C
35, 36,
c c
g
10 ic
xZ x°
A 8 A /10 B
B
37. 38,
Xa
5
|0
-
c A

39 - 46, Find x or x and y to the nearest tenth:

39. 4o, D E c

W

>
&>
o
v
>
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42,

b1,

[®)

35°

[

-

50°

43,

Ny

39°

XA

46,

b5,

/5

ral

o

o |
55° '-‘

4

55°

u

20

o
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5.3 APPLICATIONS OF TRIGONOMETRY

Trigonometry has many applications in science and engineering, 1In this
section we will present just a few examples from surveying and navigation,

The angle made by the line of sight of an observer on the ground to a
point above the horizontal is called the angle of elevation, In Figure 1

L

£ BAC is the angle of elevation, 2

o Ao N

|
|
|
/L A hovizomtal &

~

Figure 1, The angle of elevation,

EXAMPLE A, At a point 50 feet
from a tree the angle of elevation of
the top of the tree is 43°, Find the
height of the tree to the nearest

tenth of a foot,

Solution: Let x = height of tree,

by e w25
tan 43 50
- X
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(50)(,9325) = g’fg (50)

u6,6250

i
"

be,6

]
B

Answer: x = 46,6 feet,

The angle made by the line of sight of an observer above to a point

on the ground is called the angle of depression, In Figure 2 L ABD is the

angle of depression,

D L’\'}?]lo’ﬂtékl 2‘ a {C{ i
- /{:gﬂ trplane
& r &QP{ESSior;lf’/ | I

nt
Si {5
CST

|\ \"‘f\é

A Groumd. C
w

Figure 2, The angle of depression,

EXAMPLE B, From an airplane

5000 feet above the ground the
angle of depression of an airport
is 5°. How far away is the

airport to the nearest hundred

feet? Ourpcrt

Solution: Let x = distance to airpecrt, <L ABC = 85°,

cos 850 = j%?g
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o872 = 20
0872 x = 5000
x = nggg = 57,300 Answer: 57,300 feet,

EXAMPLE C, A road rises

30 feet in a horizontal distance B
of 300 feet, Find to the —
30 fet

nearest degree the angle
the road makes with the A 300 feet c
horizontal,

” Ty - 20

Solution: tan A 300

tan A = ,1000

o
Answer: 6 ,

]
(@)
o

LA
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PROBLEMS

1, At a point 60 feet from a tree the angle of elevation of the top of the

tree is &OO. Find the height of the tree to the nearest tenth of a foot,
2, At a point 100 feet from a tall building the angle of elevation of the
top of the building is 650, Find the height of the building to the nearest

foot,

3, From a helicopter 1000 feet above the zround the angle of depression of

a heliport is 100. How far away 1is the heliport to the nearest foot?

Lk, From the top of a 100 foot

lighthouse the angle of depression
of a boat is 150. How far is

the boat from the bottom of

the lighthouse (nearest foot)?

5, A road rises 10 feet in a horizontal distance of 400 feet, Find to

the nearest degree the angle the road makes with the horizontal,

6, If a 20 foot telephone agax‘xxxx?
pole casts a shadow of 43 [:::
feet, what is the angle of a0 *'ef(%:
elevation of the sun? E - N
T -




2u3

7. A 20 foot ladder is leaning against a wall, It makes an angle of 700 with
the ground, How high is the top of the ladder from the ground (nearest

tenth of a foot)?

8, The angle of elevation of the top of a mountain from a point 20 miles

away is 6°, How high is the mountain (nearest tenth of a mile)?
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CHAPTER VI

AREA AND PERIMETER

6,1 THE AREA OF A RECTANGLE AND SQUARE

The measurement of the area of geometric figures is one of the most
familiar ways mathematics is used in our daily lives, The floor space of
a building, the size of a picture, the amount of paper in a roll of paper
towels are all examples of items often measured in terms of area, In this
chapter we will derive formulas for the areas of the geometric objects
wnich we have studied,

Area is measured in square inches, square feet, square centimeters,
etc, The basic unit of measurement is the unit square, the square whose

N
sides are of length 1 (Figure 1), Its area is 1 square inch, 1 square foot,
1 square centimeter, etc,, devending on which measurement of length is

chosen, The EEEE\Of any closed figure is defined to be the number of unit

squares it contains,

Figure 1, The unit saquare,

ZXAMPLE A, FPFind the area of a rectangle with length 5 and

width 3,



Solution: We see from the E C
diagram that the area is
A\_ o ~ _JB
5
Answer: 15 ,

This suggests the following theorem:

THEQOREM 1, The area of a rectangle is the length times its width,

A = 1w

EXAMPLE B, Find the area of a square with side 3,
D C

(

Solution:

Area = (3)(3) = 3% = 9, 3\

\
3

Answer: 9
The formula for a square is now self-evident:

THEOREM 2, The aresa of a square is the square of one of its

sides,

245
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The perimeter of a polygon is the sum of the lengths of its sides,
[T P e s

For instance the perimeter of the rectangle of EXAMPLE A would be

5+45+34+3 = 16,

EXAMPLE C, Find the area and perimeter

of rectangle ABCD: D

Y
M

1r
T

A %=1 o)

Solution: We first use the Pythagorean Theorem to find x:
ABg + BC2 = ACz
(3% - 1)% + (2x)% = (2x + 4)°
9x® - 6x + 1 + bx® = bx° + 16x + 16
2
9" = 22x =15 = 0

(9x +5)(x=-3) = 0

9+ 5 = 0 X=3 = 0
X = = g x = 3
We reject the answer x = - é because BC =2x = 2(-< ) = - %g would have
negative length, Therefore x = 3,
ABR=3x-1=3(3) -1=9 -1 =38, BC = 2x = 2(3) = 6,

AC =2x + 4 =2(3) + 4 =6+ 4 =10,
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Check: A32 + BC2 = ACZ
82 + 62 102
6L + 36 100
100
Area = 1w = (8)(6) = u8, Perimeter = 8+ 8+ 6 +6 = 28,
Answer: Area = 48, Perimeter = 28,
EXAMPLE D, Find x: D c
A AReA = WO &x
§ n
A x+3 B
Solution: A = 1w
bo = (x+ 3)(x)
Lo = x2 + 3x
0 = x2 + 3x - 40
0 = (x-5)(x+8)
x = 5 x = =8

We reject x = -8 because side BC = x of the rectangle would be negative,

Check, x = 53 A = 1w
40 (x + 3)(x)
8+ 33(8)
(8)(5)
Lo

Answer: x = 3,
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EXAMPLE E. An L-shaped room has
the dimensions indicated in the diagram,

How many one by one foot tiles are

needed to tile the floox?

i‘+ !]eet

Solution: Divide the room into
two rectangles as shown,
Area of room = Area of large rectangle
+ Area of small rectangle
= (14)(10) + (6)(4)
= 140 + 24

= 164 square feet,

Answer:

|C ';ect
G &ét
lo Seet
164

4 -fe\’.t

Historical Note: The need to measure land areas was one of the ancient

problems which led to the development of geometry,

and Babylonians had formulas for the areas of rectangles, triangles, and

trapezoids, but some of their formulas were not entirely accurate,’ The

Both the early Egyptians

formulas in this chapter were known to the Greeks and are found in Euclid's

Elements,



FROBLEMS

2k9

1 - 14, Find the area and perimeter of AECD:
T 2
D % c D . C
N El
Ae——/ ——'8 A A2
()
0 J
AN AV “B
I5
T b,
D i c D2 ¢
rd > F
~ N /,L
7 A AT B B
1 S A s 8
A ~ B
5, 6, D{ 5 c
D . c
N
' NS CRtEY A AP 3T +03
s [
\-"5+J—j—. l 7
Bt §
7' 8 3F7-" &"3
D N c
; . 2 ~__ |
/_/"/ '. i \ |
‘ - SN
3 e /ﬁ\ /,‘ b A
T | Y
ke N [“l h ~, : \Jrl
A 15 B A o)



250

D ¢
9. >
+
\ & A
X
C <
A X+2 8
11,
D N c
m ‘T
300 =
A - B
13 5 ) &
N g l
“
\
XA \o
\
_ N
| . N
A X B

ln¥]

10,

12.

14,

16,

D . C
%) l
2 Tx—f
_ S I3
A 3% 3
S
\
A
\
A \‘
i "-\
-_.l N (;{}d\_
A g B
i) , C
A = &
& |
v |
LY . O
A ' B
0 : c
RREA = 8BS }"*‘
- |
A 3% +2 B



e " 18,

D 3x c D § c

I | S

XA AReA = juy A3X A AReA = G+ A x-3

1 1 N

A 3% & A X-3 B
19, A football field has length 300 feet and width 160 feet, What is the
area?
20. A tennis court is 78 feet long and 36 feet wide, What is the arez?
21 - 24, How many one by one foot tiles are needed to tile each of the

following rooms?

21, JO feet 22,
' |
9 Trfu.t !g 4‘_‘t
20 , ‘
'i&’.tt 2 {" t IS fect
b fo;z:t
1%
Jeet
23! 2“! P
Ia *E‘nt
\ SGUARE  7ILLARS 1:1 feet JL
A et T
|
| ) S’ S" !:e..'t
T o |
E b J‘:.!.t 4 |
'11 fect ;I
Al teet [A et

251
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25, A concrete slab weighs 60 pounds per square foot, What is the total

welght of a rectangular slab 10 feet long and 3 feet wide?

26, A rectangular piece of plywood is 8 by 10 feet, If the plywood weighs

3 pounds per square foot, what is the weight of the whole piece?



6,2 THE AREA OF A PARALLELOGRAM

In parallelogram ABCD of Figure 1, side AB is called the Eafﬁ and the
line segment DE is called the height or altitude, The base may be any side
Rl S e R
of the parallelogram, though it is usually chosen to be the side on which
the parallelogram appears to be resting, The height is a line drawn

perpendicular to the base from the opposite side,

Figure 1, Parallelogram ABCD with base b and height h,

THECREM 1, The area of a parallelogram is equal to its base times its

height,

Proof: Draw BF and CF as shown in Figure 2, ZA = (CEF,
ZAED = /F =90°, and AD = BC, Therefore AADE < ABCF and the area of

A ADE equals the area of ABCF, We have:

Area of parallelogram ABCD Area of AADE + Area of trapezoid BCDE
= Area of QBCF + Area of trapezoid BCDE
= Area of rectangle CDEF

= bh ,

253
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A
Figure 2, Draw BF and CF,
EXAMPLE A, Find the area
and perimeter of ABCcO:
D N E
5
3
L >
A E B

Solution: b=AB=CD =8, h =3, Area = bh = (8)(3) = 24,
AB=CD =8, BC=AD =5, Perimeter =8+ 8 + 5+ 5 = 26,

Answer: Area = 24, Perimeter = 26,

EXAMPLE B, Find the area

and perimeter of ABCD:

N

A

h

#

p
4
1

\
L.

=
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Solution: Apply the Pythagorean theorem to right triangle ADE:

AE® + DE® = AD?
B yiR - P
b+n® = 9
h° = 5
b =&l5

Area = th = (8)(V3) = 845

Perimeter = 8+ 8+ 3 +3 = 22, Answer: A = 84/3i P = 22,

EXAMFLE C, Find the area and

perimeter to the nearest tenth:

v -

A /0 7 B
Solution: To find the area
we must first find the height h D
[
(Figure 3), Using trigonometry, //F 2
B ® i
sin 40° = B § h ///////ﬁ(/
h Ero) rﬁ
L) 6428 = + (4 >
) BER - R : 5 2
— - —
Area = th = (10)(2.5712) Figure 3. Draw in height h,

= 25712 = 25,7

Perimeter = 10+ 10 +4 + 4 = 28, Answer: A = 25,7, P = 28 ,
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EXAMPLE D, Find x if the

area is 21:

Solution:

Check:

Answer: x =4,

|
N

/8

21

= bh

= (x*+3)(E)
- (x+3)( )
= 12x + 36

= 136

= 4

= bh
(x+3)( )
s+ 3)($)

(7)(3)
21




EXAMPLE E, The area of parallelogram

ABCD is 48 and the perimeter is 34,

Find x and y:
D
>
/
57 y Ve
1 /
J >
A E 8B
-v-'—
b 4
Solutions
Perimeter = AB + BC 4+ CD + DA
3 = x+5+x+75
34 = 2x + 10
2h = 2x
12 = x
Area = Xy
48 = 12y
L =y
Check: Perimeter = x+ 54+ x+ 5
3 l 12 4+ 54+ 12 + 5
34
Area = Xy
L3 (12)(4)
L8

Answer: x =12, y =4,

257
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PROBLEMS

1 - 4, Find the area and perimeter of AZCD:

1 D glz c 25
‘ / D - 15 o
!
I3 ’ /
[ /
| / \ g
u —o
A E B A E B
i L,
D 1 c D , & 12
|
5. / /
20
A 3 E 7 B A " 3p B
5 - 6, PFind the area and perimeter to the nearest tenth:
5- 6-
0 " €
/ D G
IO_/ > 2
7
X ~7//
4o’ . A . //
A T4 8 A g 2

7 - 8. PFind the area and perimeter, Leave answers in simplest radical form:

7. 8. .

(@]

— 7
D Al E ///; /

3 £
\556 = > \ .// | /
/ | i
T | / /
\ /(i»t: - /
A B A Y &

A Y E

Ly



9, Find x if the area of ABCD

is 36:

S
7

—-\/’_
X+

11, Find x if the perimeter

is 123,

v

Y

A X+2 B

13, The area of ABCD is 40 and
the perimeter is 28,

Find x and y:

.

X-3 /f
;—-I

h g

259
10, Find x if the area of ABCD

is 72:

it
X

A e 7 B
\—...—.—-——'_\,-——-—\__/
X+7

12, Find x if the perimeter

is 40:

D
4

X=7

A Xt 8

14, The area of ABCD is 40 and
the perimeter is 30,

Find x and y:

%
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For each of the triangles in FTigure 1, side AB is called the base and

ey

CD is called the % or m drawn to this base, The base can be

any side of the triangle though it is usually chosen to be the side on which
the triangle appears to be resting, The height is the line drawn perpendicular
to the base from the opposite vertex, Note that the height may fall outside
the triangle, if the triangle is obtuse, and that the height may be one of

the legs, if the triangle is a right triangle,

cC C AC
‘ ﬂ
: i"l RN h
' |
|
A HD B ~— -] R P
“ _ A B D A A=D

Figure 1, Triangles with base b and height h,

THEOREM 1, The area of a triangle is equal to one-half of its base

times its height,

o

Il
Do

gj

Proof: For each of the triangles illusirated in Figure 1, draw AE
and CE so that ABCE is a parallelogram (Figurs 2), AABC = ACEA so

area of AABC = arsa of ACEA, Therefore arsa of AABC = %a.rea. of

parallelogram ABCE = %b‘n.
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\ : |

1

‘)E ! !..1 l;\\ N

\ | l'] : }'\

N |

\/\q ( |-: : & r

B Y

T s

b

Figure 2, Draw AE and CE so that ABCE is a parallelogran,

EXAMFLE A, Find the area:

E
|
. :
|
-
A ) B
L. _V_.__________J
G{
Solution: A = —bh = L (9)(&) = L (36) = 18
: 2 B R 2 *

EXAMPLE B, Find the area to the nearest tenth:
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Solution: Draw the height h as shown in Figure 3,

Figure 3, Draw height h,

sin 40° =

L6428 =

(10)(.6428) = == (10)
6,428 = h

b o= 3 (15)(6.428) = I (96.420) = 148,21 = 48.2

Answer: A = 48,2 ,

EXAMPLE C, Find the area and perimeter: 3
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Solution: A = =th = 3 (5)(6) = % (30) = 15,

To find AB and BC we use the Pythagorean theorem:

AD® + ED® = AB® ® + BD® = BC?
82 + 6% = ag? 3%+ 6% = Bc?
61L+36=A32 9+36=Bc2

100 = AB® 45 = BC

NEs = 9.5 = 345

Perimeter = AB +AC +BC = 10+ 5+ 3./5 = 15+ 34/5

10 = AB BC

Answer: A =15, P =15+ 3,/5

EXAMPLE D, Find the area and perimeter:

-
1O
Elel 30°
A B
Solution: ZA = (B = 30°
so AABC is isoscelss with BC = AC = 10,
Draw height h as in Figure 4, f
A ACD is a 30° - 60° - 90° triangle 2 lee o
|
hence Eloil 1 30°
A D B8
hypotenuse = 2 (short leg)
10 = 2 nh Figure 4, Draw height h,

5 = n
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]

(short leg) (4/3)

hy/3 = 543

Similarly BD = 54/3 .

area = 2 bth = £ (5/3+5/3)(5) = 3 (1043)(5) = % (5043) = 2543

2 2

long leg

i

AD

Perimeter = 10 + 10 + 54/3 + 5,/3 = 20 + 1043 ,

Answer: A = 25./3, P = 20 + 104/3,
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PROBLEMS
1 =4, PFind the area of AARC: &
il
C
I
o,
r1
A B
N o e
20
i @
I
|
75 L
|
A—~—8" " D
Y
5 - 6, Find the area to the nearest tenth:
5. 6. &
C G
5
35" 55°
A g B A [0 B
7?7 = 20, Find the area and perimeter of AAZC: R
{
7

(F3)

, 2 8. '
/ / )
[ ]
A 4 A 9

& £
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A

71

14,

13,

Xt2

16,

15‘
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c
N
17, / 18,

g/ g
4 .

<

/GO Ao 30° 307

19 - 20, Find the area and perimeter to the nearest tenth:

19, B 20, o
/ 20
40 B 5¢0°
A |O C A &
21, Find x if the area of AARC 22, Find x if the area of AARBC
is 35: c is 24,
\
1 c
| J}" e
1 [ i \
D A = A
e 5 )

23, Find x if the area of AABC

is 12:
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6,4 THE AREA OF A RHOMBUS

The area of a rhombus can be found by using the formula for the area of
a parallelogram, A = bh, since a rhombus is a special kind of parallelogram
(Figure 1), However if the diagonals are known the following formula can be

used instead (see Figure 2):

/

/L
/L

/
/
A E B
-._____..____._Y————/
b
Figure 1, The area of Figure 2, The area of
rhombus ABCD is bh, Thombus ABCD is % dyd,.

THEOREM 1, The area of a rhombus is one-half the product of the diasonals,

172

EXAMFLE A, Find the area of the rhombus:

A
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Solution: A =% dyd, = 1(8)(6) = 3(48) = 24,

Answer: 24,

Proof of THEOREM 1: Referring to Figure 2,

4 (34,) =
d, (3d,)

i
]
rafr
£

Area of AARBC

i

Z vh = £ (AC)(BR) d,d, .

I
1l
Wi
1l

[V
I
=

d,d

Area of AADC = % bh 195 -

(ac)(DE)

Area of rhombus ABCD = Area of AABC + Area of AADC = -.-1,- d1d2 + ﬁ d_ld2 = % d1d2
EXAMPLE B, Find the area and
perimeter of the rhombus:
D X+ C
>
X
E
S
A 3

Solution: The diagonals of a rhombus are perpendicular so ACDE is a

right triangle, Therefore we can apply the Pythagorsan theorem:

|

52+x2 = (x+1)2
2 2

25 +x° = x" +2x+1
2bh = 2x
12 = x
4 =12+ 12 = 24, g, =5+ 5=10, A=ddd, = L (24)(10) = 120,

CD=x+1=12 +1 = 13,

Perimeter = 13 + 13 + 13 + 13 = 52,

]
Il

Answer: A 120, P 52
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Solution: As in EXAMPLE F of section 4,5, we obtain AC = 11'/\/5 and BD = 4,
(ac)(ED) = % (44/3)(8) = 843 .

Answer: A = 84/: %

najre
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PROBLEMS
1 -2, Find the area of the rhombus:

s St D 2,

3 - 8, Find the area and perimeter of the rhombus:

F b,

b =
()
2 e
<
O
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9 - 10, Find the area to the nearest tenth:

9. p o

o

—
\
—

TS




275

6,5 THE AREA OF A TRAPEZOID

- —— ——— — —

In Figure 1, b, and b, are the bases of trapezoid ABCD and h is the

1 2 T
height or altitude, The formula for the area is given in the following
theorem:
EE
D 5 —C
el >
A E — 8
b

i
Figure 1, Trapezoid ABCD with bases hl and b2 and height h,

THECREM 1, The area of a trapezold is equal to one-half the product

of its height and the sum of its bases,

N 1
A = %$h (b1 - b2)
EXAMPLE A, Find the area:
D |© C
AT - 3
- ! \\
| .\\
| 1
. .
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Solution: A =%h ('n1 + bz) =3 (6)(28 + 16) = 5 (6)(44) =132 ,

Answer: A = 132,

Proof of THEOREM 1: In Figure 1 draw BD (see Figure 2), Note that

CD = b, is the base and BF = h is the height of ABCD, Area of trapezoid ABCD =

&
Area of AABD + Area of ABM = & byh + 1 byh = th (b1 + bz).
b
p————c  F
’ .
|
i
I
) :h
\ 1
\i
_] ~ ¥
A, E - 8

b

Figure 2, Draw BD, CD is the base and EF is the height of ABCD,

EXAMFLE B, Find the area and

perimeter:

©
e}
0

60" \

A g’i g

Solution: Draw heights DE and CF (Figure 3), AADE is a
30°-60°-50° triangle, So AE = shor:t leg = & hyvotenuse = + (10) = 5,

and DE = long leg = (short leg)(/3) = 5./3. CDEF is a rectangle so
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(B 9 C
/| N\
/|
fO/ :I"\ =5u€ h x
60° 5 -
A & & 10 F 7 B
Figure 3, Draw heights DE and CF,
EF = CD = 10, Therefore BF = AB - EF =22 - 10 - 5 =7, Let x = RBC,
CF® + BF® = BC?
2
(543)° + 77 = &
75+ 49 = X
124 = x2
x = 126 = Ju31 = 231
Area = 3h (b +1b,) = % (54/3)(22 +10) = 3 (54/3)(32) = 804/3 .
Perimeter = 22 + 10 + 10 + 24/31 = 42 + 2,/31

Answer: A = 80,\/3, P =L42 + 2431 ,



PROBLEMS

1 =2, Find the area of A3CD:

3 - 12, Find the area and perimeter. of A3CD:

3‘ I-LI
2 2 & D 20 c
5 }L!- 5 9
I o § s
A E __B A @ E F @ B
12
5. 6.
G
e e 5. ¢
| \ ?
ks \
i
,-'/ 3 j ~ \ ~
A E B ol B
W
|O
7 8
D \"*“ C
D g C.\ /"_ o
Ed '/ ]
5 \\ﬁi\i //// * ¢
l
" / m
A 4 B A FTo T B
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9 10,

]
/
F —
o1 =
i}
Y

Y
mil
3

-
m

11, 12,

20 12

A} 30 . 45°

13 - 14, TFind the area and perimeter to the nearest tenth of ARCD:

1 . 1“’«
? D 0 ¢
D IS . c ;
i I
1O
V) i
Lo° - . 4O /50° w e 5¢
7 B A 5 7 3
15, Find x if the area of ABCD 16, Find x if the area of ABCD is 30:
is 50: o
D X c 2. 3 <
| T\ /|
I+
f X-2 i
- s =
p - E L T R T,
o~ S~
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CHAPTER VII

REGULAR FOLYGONS AND CIRCLES

7.1 REGULAR POLYGCNS

A regular polygon is a polygon in which all sides are equal and all

T T S
Examples of a regular poclygon are the equilateral

angles are equal,
triangle (3 sides), the square (4 sides), the regular pentagon (5 sides),

and the regular hexagon (6 sides). The angles of a regular polygon can

easily be found using the methods of section 1,5 ,

__.__*_—.
qc’ o
q0° 9
Equilateral Square Regular Regular
Triangle Pentagon Hexagon

Figure 1, Examples of resular polygons,

Suppose we draw the angle bisector of each angle of a regular polygon,

We will find these angle bisectors all meet at the same point (FPigure 2).

THECREM 1, The angle bisectors of each angle of a regular polygon

This point is called the center of the rsgular
N

meet at the same point,

polygon,
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D [
$5* 45"
e 45"
C
+5 HE;
5 sy
A B

Figure 2, The angle bisectors of a regular polygon meet at the same point, O,

O is czlled the center of the regular polygon,
In Figure 2, 0 is the center of each regular polygon, The segment of
each angle bisector from the center to the vertex is called a EE%EEE’ For

example, OA, 0B, OC, OD, and OE are the five radii of regular pentagon ABCDE,

THEOREM 2, The radii of a regular polygon divide the polygon into

congruent isosceles triangles, All the radii are equal,

In Figure 3, radii OA, D

OB, OC, OD, and OE divide the

regular pentagon into five

e,

radio g

o!

C—-
L
L

isosceles triangles with

OA = 0B = 0C = 0D = OE,

Figure 3, The five radii

of a regular pentagon,
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EXAMPLE A, Find the radius

CA, and the angles xo, yo, and z°

m

=

in the regular octagon (eight-
sided figure):

Solution:

The radii divide the octagon into 8 congruent isosceles

triangles, Therefore OA = OB

S

X = 5 (360°) = 5%,
1
7 = 2% = 3 (180° - 45%) = 2 (135%) = €78,
Answer: OA = 3, x° =45° +° =2°=
THEOREM 1 and THEOREM 2 appear to be true intuitively, tut we verify
them with a formal proof:

Proof of THEOREM 1 and THECREM 2: We will prove these theorems for the
regular pentagon, The proof for other regular polysons is similar,
Draw the angle bisectors of ZA and 43 as in Figure 4 and call their
point of intersection O,

We will show OC, OD, and OE are the angle bisectors
of «C, LD, and LE respectively,

LEAB = [LABC since the angles of a rsgular pentagon are equal,
L1 = £2 = 3 of LEAB =

$ of ZABC = /3

L4 since OA and CB are
angle bisectors,
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I
O

A B
Figure 4, Draw the angle bisectors Figure 5, Draw OC,
of £A and 4B and call their peoint
of intersection O,
Draw OC (Figure 5), AB = BC since the sides of a regular pentagon
are equal, Therefore AAOB = ACOB by SAS = SAS, Therefore 45 = L2
= % of LEAB = 4 of /BCD , So OC is the angle bisector of £ BCD,

SmﬂwhwemnMWAKMQAMQA@DQAWQAHEQAME
and that OD and OE are angle bisectors, The triangles are all isosceles because

their base angles are equal, This completes the proof,

A line segment drawn
from the center perpendicular
to the sides of a regular

peclygon is called an apothem
L L

(see Figure 6),

Figure 6, The apothems of a regular

pentagon,
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THEOREM 3, The apothems of a regular polygon arxe all equal, They

bisect the sides of the regular polygon,

Proof: The apothems are all
equal because they are the heights
of the congruent isosceles triangles
formed by the radii (see THEOREM 2),

Each apothem divides the isosceles

triangle into two congruent right

triangles, Therefore each apothem

Figure 7, The apothems are the
bisects a side of the polygon, which

heights of the congruent isosceles
is what we wanted to prove,

triangles formed by the radii,

EXAMPLE B, Find the apothem of a regular pentagon with side 20, to

the nearest tenth,

Solution: In Figure 8,

LAOB = %(360") = 72°
LAOF = 1.40B = % (72°) = 236°,
and (OAF = 90° - 36° = =u°,
2 &
tan 54 1o
= o
(10) 1,376+ = 75 (10)
13,764 = a Figure 8, A regular pentagon with
13,8 = a side 20,

Answer: 13,8

-
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The apothem of a regular polygon is important because it is used to find

the area:

THEOREM 4, The area of a regular polygon is one-half the product of

the apothem and the perimeter,

EXAMPLE C, Find the area of a regular pentagon with side 20, to the

nearest tenth,

Solution: From EXAMPLE B we know a = 13,764 , The perimeter P =
(5)(20) = 100 , Therefore A = % aP = $(13,764)(100) = 3(1376,4) = 688.2

Answer: 688,2 ,

Proof of THEORZM 4: We prove the THEOREM for the regular pentagon,
The proof for other regular polygons
is similar,

The radii of a resgular €

pentagon divide the regular pentagon

into five congruent triangles, The S

area of each triangle is 3 as, where

s is the side of the pentagon

(Figure 9), Therefore, area of the Figure 9, The area of A AQ3B is
pentagon = 5(% as) = % a(5s) = 3 ap, 5 as, whers s is the side of the

which is the formula we wanted to prove, ventagon
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To find the perimeter of a regular polygon, all we have to do is to
multiply the length of a side by the number of sides, For example, the
pentagon of Figure 8 has perimeter P = 5(20) = 100, However it is also useful

to have a formula for the perimeter when only the radius is known:

THEOREM 5, The perimeter of a regular polygon of n sides with radius

r is given by the formula

EXAMPFLE D, Find the perimeter of a regular pentagon with radius 10,

to the nearest tenth,

Solution: A pentagon has n = 5 sides, Using the formula of THECREM 5,
180° 180°
n 5

P = 2rn sin = 2(10)(5) sin = 100 sin 26° = 100(.5878) =

58,76 = 58,8 ,

Answer: 58,8

Proof of THEOREM 5: ZLet us label the regular polygon as in Figure 10,
Since the radii of the regular polygon divide the polygon into n congruent
triangles (THEOREM 2), we have

" (o]
/A0B = = (360°) = Léf—.

=

By THEOREM 3 apothem OC divides AACE into two congruent right triangles, so

1 0 o
LAOC = %LAOB = ;(36;3) _ 18n0

P
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Figure 10, A regular polygon with radius r and side s,

Applying trigonometry to right triangle ACC we have

o

1807 _ AC
sin = = 5
(r) sin 289° o AC 1y
% T T
)
r sin 180 = AC ,
n
Since OC bisects AB,
1200
s = 2(AC) = 2r sin Lo
and therefore
o 0
1
P = ns = n(2r sin 1%? ) = 2rn sin ’%?

which is the formula that we wish to prove,

e can also give explicit formulas for the various regular polygons,

as in the following table:
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T — 2 n sin 1230 P = 2rn sin 1%30
Triangle 3 3 sin 60° = 2,5980 5,1960
Square b L sin b5° = 2,828L 5,6568 r
Pentagon 5 5 sin 36° = 2,9390 5,8780 r
Hexagon 6 6 sin 30° = 3,0000 6,0000 T
Decagon 10 10 sin 18° = 3,060 6,180 r
45-sided figure L5 L5 sin 4° = 3,139 6,278 r
90-sided figure 90 90 sin 2° = 3,1l 6,282 r
1000-sided figure 1000 1000 sin ,18° = 3,1416 6,283 r

From the table we can see that as the number of sides increases, the

perimeter of a regular polygzon becomes approximately 6,28 times the radius,
o}

You may also recognize that the value of n sin comes close to the number

N. We will return to this point when we discuss the circumference of a circle

in section 7.5 ,

EXAMFLE D (repeated), Find the perimeter of a regular pentagon with

radius 10, to the nearest tenth,

Solution: From the table

P = 5,878 r = 5,8780(10) 58,78 = 58,8 |,

Answer: 58.8

EXAMPIE E, Pind the apothem and area of a regular pentagon with radius

10, to the nearsst tenth,
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Solution: In Figure 11

ZA03 = %—(360") = 72°
and
D
LAOF = %4;\.03 - %(72") = 36°, :
Applying trigonometry to right triangle
AOF, E C
O
cos 36° = fi
0
1046
a a
(10) .8090 = Té'(lo)
A F 8
8,090 = a ,
From EXAMPLE D, P = 58,78 , Therefore, Figure 11, A regular pentagon
by TH=CREM 4, with radius 10,

a? = 1 (8.09)(58.78) =

L (w7s.5302) = 237.7651 = 237.8

Answer: a = 8,1, P =237,8 ,

Historical Note: 1In 1936 archeologists unearthed a group of ancient

Babylonian tables containing formulas for the areas of regular polygons of

three, four, five, six and seven sides, There is evidence that regular polygons
were commenly used in the architecture and designs of other ancient civilizations
as well, A classical problem of Gresk mathematics was to construct a

regular polygon using just a ruler and compass, Regular polygzons were

usually studied in relationship to circles, As we shall see later in this
chapter, the formulas for the area and perimeter of a circle can be derived

from the corresvonding formulas for regular polygons,


http:8.09)(58.78
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PROBLEMS
1 - 6, Find the angles x°, y°, z° and radius r of the regular polygons:

i, 2




15.
16,
17,
18,

18, Find the apothem, perimeter and area to the nearest tenth:

regular pentagon with side 40,

regular pentagon with side 16,

regular hexagon with side 20,

regular
regulaxr
regular
regular
regular
regular
regular
regular

regular

hexagon with side 16,

decagon (ten-sided figure) with side 20,
nonagon (nine-sided figure) with side 20,
rentagon with radius 20,

pentagon with radius 5,

hexagon with radius 10,

hexagon with radius 20,

decagon with radius 10,

nonagon with radius 20,

289
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7.2 CIRCLES

The circle is one of the most frequently encountered geometric figures,
Wheels, rings, phonograph records, clocks, coins are just a Tew examples of
common objects with circular shape, The circle has many applications in the
construction of machinary and in architectural and ornamental design,

To draw a circle we use an
instrument called a compass (Figure 1),

A
The compass consists of two arms,
one ending in a sharp metal point
and the other attached to 2 pencil,
We draw the circle by rotating the
pencil while the metal point is

held so that it does not move, The

position of the metal point is
called the EEEEEE of the circle,
The distance betiween the center Figure 1, Using a compass to
and the tip ¢f the pencil is called draw a circle,
the radius of the circle, The radius
remains the same as the circle is drawn,

The method of constructing a circle suggests the following definition:
A E}EE}E is a figure consisting of all points which are a given distance from
a fixed point called the center, For example the circle in Figure 2 consists

of all points which are a distance of 3 from the center O, The radius is the

distance of any point on the circle from the center, The circle in Figure 2
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has radius 3. The term radius is
also used to denote any of the line
segments from a point on the circle
to the center, 1In Figure 2 each of the

line segments QA, OB, and OC is a

radius, It follows from the definition
of cirecle that all radii of a circle

are equal, So in Figure 2 the three

radii OA, OB, and OC are all equal

te 3.

A circle is usually named for Figure 2, A circle with radius 3,
its center, The circle in Figure 2
is called circle O,

R T e

A chord is a line segment joining two points on a circle, In Figure 2

DE is a chord, A diameter is a chord which passes through the center, BC 1s
e T

a diameter, A diameter is always twice the length of a radius since it consists

of two radii, Any diameter of cirecle O is equal to 6, All diameters of a

cirels are equal,

EXAMPLE &4, Pind the radius

and diameter:
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Solution: All radii are equal so
CA = OB
% +9 = 3x -2
(2)(5 +9) = (3x - 2)(2)
x+18 = 6x -4

22 = 5x
x = -2-53 = Lk
Check: OA = OB
%+9 3x - 2
e | 3s) -2
2,2 + 9 13,2 = 2
11.2 11.2
Therefore the radius = OA = OB = 11,2 and the diameter = 2(11,2) = 22,4,

Answer: radius = 11,2, diameter = 22,4,

The following three theorems show that a diameter of a circle and the

perpendicular bisector of a chord in a circle are actually the same thing,

THECREM 1, A diameter perpendicular to a chord bisects the chord,

In Figure 3, if ABLCD then AE = EB,

Proof: Draw OA and OB (Figure 4), OA = OB because all radii of a circle

are 2qual, OE = OE because of identity. Therefore AACE = AECE by

Hyp-Leg = Hyp-Leg, Hence AE = BE because they are corresponding sides of

congruent triangles,



Figure 3, The diameter CD Figure 4, Draw OA and OB,

is perpendicular to chord AB,

BXAMPLE B, Find AB:

Solution: Draw OA (Figure 5),
OA = radius = 0D = 18 + 7 = 25, A AQCE
is a right triangle and therefore we can

use the Pythagorean theorem to find AE:

AE? + 0% = oA®
e B - 8
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By THEOREM 1, EB = AE = 24 so AB = AE + EB = 24 + 24 = 48,

Answexr:

THEQREM 2, A diameter that
bisects a chord which is not a

diameter 1s perpendicular to it,

In Figure 6, if AE = EB

then AB 1 CD,

Proof: Draw OA and OB
(Figure 7). OA = OB because all
radii are equal, OE = OE (identity)
and AE = EB (given), Therefore
A ACE 2 ABOE by SSS = SSS,
Therefore /AEQ = £BEQC, Since
£ AEO and £ BEQO are also supplementary
we must also have LAE0 = ABEC = 900,

which is what we had to prove,

EXAMPLE C, Find x: '

AB = 48,

>
Imi
»

Figure 6, Diameter CD

bisects chord AB,

D
Figure 7, Draw 0A and 0B,




Solution: Draw OA (Figure 8).
QA = radius = 0D = 25, According to
THEOREM 2, ABLCD, Therefore AAOE
is a right triangle, and we can use

the Pythagorean theorem to find x:

OE® + AB® = OA°
W2+ 242 = 257
X2 + 576 = 625

x2 = 4g
x = 7.

Answer: x =17 ,

THEOREM 3, The perpendicular

bisector of a chord must pass through

the center of the circle (that is, it

is a diameter),

In Figure 9, if CDL AB and

AE = EB then 0 must l1lie on CD,

Proof: Draw a diameter FGC

through C perpendicular to AB at H

295

Figure 8, Draw OA,

C

Figure 9, If CD is a
perpendicular bisector of AB

then CD must pass through O,

(Pigure 10), Then according to THEOREM 1 ¥ must bisect AB, Hence H and 2

are the same point and FG and CD are the same line, So O lies on CD, This

completes the proof,
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Figure

EXAMPLE D,

of the circle:

Solution:

10, Draw FG through O perpendicular to AB,

Find the radius

According to

THEOREM 3, O must lie on CD,

Draw OA (Figure 11),
the radius, Then 0OA

Ou=r-1.

Pythagorean theorem to right triangle

Answer:; T =

Let

H

be

= (0D =T and

To find r we apply the

C

E

3

3
A\

D

P

Figure 11,

e the radius,

Draw CA and 1

(=3
=

n
-

r



EXAMPLE E, Find which chord,
AB or CD, is larger if the radius

of the circle is 25:

Solution: Draw OA, OB, OC
and OD (Figure 12), Bach is a
radius and equal to 25, We use
the Pythagorean theorem, applied

to right triangle ACE, to find AE:

AE® + OB = OA%
AEF + 7P = 257
AB® + 49 = 625

REZ = 595
AR = 24 ,

Since perpendicular OE bisects AB
(THEOREM 1) BE = AE = 24 and so

AB = AE + BE = 24 + 24 =43,

297

Figure 12, Draw 0A, 0B, OC

and OD,

Similarly, to find CF, we apoly the Pythagorean theorem to right triangle

COF':

CFe + OF2

2 2
= & 15

]

1l
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CF2 + 225 = 625
F® = 100
cF = 20 ,

Again, from THEOREM 1, we know OF bisects CD, hence DF = CF = 20 and CD = 40,

Answer: AB = 48, CD = 40, AB is larger than CD,

EXAMPLE E suggests the following THEOREM (which we state without

proof) s

THEOREM 4, The length of a chord is determined by its distance from

the center of the circle; the closer to the center, the larger the chord,

Historical Note: The definition of a circle zand essentially all of

the theorems of this and the next two sections can be found in Book III of

Huclid's Elements,



PROBLEMS

1 -2, PFind the radius and diameter:

3 =4, Find AB:

3. c

5 -5, Find x:

5

g

&

| v

= B
ER

N /

[¥

D

299
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7 = 10, Find the radius and diameter:

7 8

C
/2 r)
8
\V
0
1
B o)
-

A

9. 0.

®)
a5
A e B
6
ﬂ\ \/
D D

11 - 12, Find the lengths of AB and CD:

11, iz,
G

o) &
ﬂ A D
'l
D

B &
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7.3 ‘TANGENTS TO THE CIRCLE

A tangent to a circle is a line which intersects the circle in exactly
M

>
one point, In Figure 1 line AB is a tangent, intersecting circle 0 just at

point P,

8-

A P B

PN
Figure 1, AB is tangent to circle 0 at point P,
A tangent has the following important property:

THEOREM 1, A tangent is perpendicular to the radius drawn to the

point of intersection,

—
In Figure 1 tangent AB is perpendicular to radius OP at the point of

intersection P,

=
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Solution: According to THEOREM 1, £QPC is a right angle, We may

therefore apply the Pythagorean theorem to right triangle QFO:

62 + 82 = x2
36 + 64 = 2
100 = %2
10 = x

Answer: x = 10,

Proof of THEOREM 1: OP is the shortest line segment that can be

i >

drawn from O to line AB, This is because if @ were another point on AB
>
then 0Q would be longer than radius OR = OP (Figure 2), Therefore OP.LAB

since the shortest line segment that can be drawn from a point to a straight

line is the perpendicular (THEOREM 2, section 4,6)., This completes the proof,

3

—
Figure 2, OP is the shortest line segment that can be drawn from O to line AB,

The converse of THEOREM 1 is also true:

THECREM 2, A line perpendicular to a radius at a point touching the

circle must be z tangent,
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> —
In Figure 3,if OPL AB then AB must be a tangent; that is, P is the

A
only point at which AB can touch the circle (see Figure 4),

A B
s —
Figure 3, If OPLAB then AB Figure 4, THEOREM 2 implies
must be a tangent, that this cannot happen,

3
Proof: Suppose Q were some other point on AB, Then 0Q is the hypotenuse

of right triangle OPQ (see Figure 3), According to THEOREM 1, section 4,6,
the hypotenuse of a right triangle is always larger than a leg, Therefore
hyrotenuse 0Q is larger than leg OP, Since 0Q is larger than the radius CP,
Q cannot be on the circle, We have shown that no other point on AB besides P

<~
can te on the circle, Therefore AB is a tangent, This completes the proof,

EXAMPLE B, Find x, £0, and /ZP:
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—
Solution: AP and BP are tangent to circle O, so by THEOREM 1,

L OAP = £0BP = ¢0°, The sum of the angles of quadrilateral AOBP is 360°

(see EXAMPLE E, section 1,5), hence

90+(%x+10)+90+%x = 360
S - B
s x+ 3 x + 190 = 360
% X+ % x = 170
(6)(2x) +()(Fx) = (6)(170)
9x + 8x = 1020
17x = 1020
x = 60,

Sutstituting €0 for x, we find

e " (% x + 10)° =(% (60) + 10)° = (90 + 10)° = 1c0°

and
LP = %x" = %(60)o = 80°,
Check:
LA+ L0+ (B+ 4P = 90° + 100° + 90° + 80° = 1360°,

Answer: x = 60, <40 =100°, 2P = 80°,
If we measure line segments AP and BEP in EXAMPLE B we will find that
they are approximately equal in length, In fact we can prove that they must

be exactly equal:

THECREM 3, Tangents drawn to a circle from an outside point are equal,
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In Figure 5 if AP and BP are tangents then AP = BP,

A A
P C
B B
PES PN
Figure 5, If AP and BP are Figure 6, Draw OA, OB and OP,

tangents then AP = BP,

Proof: Draw OA, OB, and OP (Figure 6), OA = OB (all radii are equal),
CP = OP (identity) and £A = £3 = 90° (THECREM 1), hence A AOP< ABOF by
Hyp-Leg = Hyp-Leg, Therefore AP = BP because they are corresponding sides

of congruent triangles,

BXAMPLE C, Find x and y: s
3 G
X
0L— p
Y
B
Solutions By the Pythagorean theorem, x°0 = 32 +4° = Q436 = ii5
and x = /845 =,/0,/5=3[5, By THEOREM 3, y = BP = AP = 6,

345, v =6 .

Answer: X
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EXAMPLE D, Find x:

O 30° P

B

Solution: By THEOREM 3, AP = BP, So AABP is isosceles with
LPAB = £PBA = 75°, Therefore x° = 90° - 75° = 15°,

Answer: x = 15,

If each side of a polygon is tangent to a2 circle, the circle is said to
e inscribed in the polygon and the polygon is said to be circumscribed
e —————————————

about the circle, 1In Figure 7 circle 0 is inscribed in quadrilateral

ABCD and ABCD is circumscribed about circle O,

D

/

Figure 7, Circle 0 is insecribed in ABCD,
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EXAMPLE E, Find the perimeter

of ABCD: g n F A

c 3 H D

Solution: By THEOREM 3, CG = CH = 3 and BG = BF = 4, Also DH = DE
and AF = AR so DH + AF = DE + AE = 10, Therefore the perimeter of ABCD =
3+3+4+L4+10+10 = 34,

Answer: P = 34 |,
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PROBLZMS

5-6, Find x, £0 and /P:

5 6.
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7 - 8, PFind x and y:
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13 - 16, Find the perimeter of the polygon:

1L,
. D )
E / &
ac
A
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7.4 DEGREEZS IN AN ARC

An are is a part of the circle included tetween two points, The symbol
~
for the arc included between points A and B is AB, In Figure 1 there are two

arcs determined by A and B, The shorter one is called the minor arc and the

P T S

~
longer one is called the mzajor arc, Unless otherwise indicated, AB will

LW SN -

~
always refer to the minoer arc, In Figure 1 we might also write ACB instead

~
of AB to indicate the major arc,
AL e e

™\
- OYC AB

2 —
a.j-?p— ave P\%

Figzure 1, Thers are twc arcs determined by A and 3, the minor arc and the

major arc,

A central angle is an angle whose vertex 1s the center of the circle
M T T
and whose sides are radii, In Figure 1 ZAOB is a central angle, ZAOQB is
~~
said to intercept arc AB,

S N

The number of degrees in an arc is defined to be the number of degrees
e N e = S

N
in the central angle that intercepts the arc, In Figure 1 mincr arc AB has
o . P 0 =2 Tl o . °
60" tecause ZAOQR = 60, le write AB = 60, where the symbol = means equal
e e

in degrees, The plain = symbol will be reserved for arc length, to be

e

discussed in section 7.5 ,
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—
In Figure 2 Z30B is a straight angle sc ZAQB = 180° and ACB = 180°,

-
Similarly ADE = 1800, Each of these arcs is called a semicirele, The

S

- ~ 0
complete circle measures 360,

D

Tigure 2, ZAOB = 180° and AC3 = 180°,

EXAMPLE A, Find the number

~ Lo
of degrees in arcs AB and ACB:

g e 0 0
Solution: AR LACB = 707 and = 2907,

~
Answer: AB = 70°, ACB

AB

S
\
‘ll“iiii%ii‘llll’}
/

=

EXAMPLE B, Find x, y and z:

Lx

eilon



o] o

360° - 210° = 50°, OA = OB since all radii are

e

L=}

~~
Solution: x AB

egual, Therefore AACR is isosceles with yo = zo, We have

X +y% + 2% = 180°
50° + y° + y° = 180°
2y° = 130°
> = 65°

Answer: x = 50, y = z = 65,

An inscribed angle is an angle whose vertex is on a circle and whose

e T e

sides are chords of the circle, In Figure 3 ZABC is an inscrived angle,

L)
Z ABC is said to intercept arc AC,
.
ﬁ
B8

C

Filgure 3, /ZABC is an inscribed angle,

We shall prove the following theorem:

THEOREM 1, An inscribed angle = + of its intercevted are,
g 2

F Y
igure 3, ZABC = % AC,
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EXAMPLIE C., Find the number of

)
degrees in AC:

o}

llo

Solution: £ ABC = 70

i
z

—~

-~
AC, Therefore AC
A

~

Answer: c =

Before giving the proof of THEOREM 1 let us see if we can prove the

answer to EXAMPLE C, Draw the diameter from B through center O (Figure 4),

£ ABC is divided by the diameter into two smaller angles,

whose sum is 70°, Suppose ZABD = 30° znd £DBC = 40° (Figure 5),

because all radii are equal, Hence AAOB is isosceles with ZA =

AO

ZABD

ZABD and /£ DBC,

BO

e
507,

Similarly £LC = LDBC = f-.LOO. £ AOD is an exterior angle of AACB and so is

equal to the sum of the remote interior angles, 300 + 300 = 60° (THEOREN 2,

section 1,5), Similarly 4COD =
£ A0C = 60° + 80° = 140° and arc

ZXAMPLE C,

o] o) o]

40

~ e

+ L0~ = 80, Therefors centrazl angle

rE=io] . :
AC = 140", This agrees with our answer to

We will now give a formal proof of THEOREM 1, which will hold for any

inscribed angle:

Proof of THECREM 1: There

center is on, inside, or outside

ct

are

the inscribed angle

v
Figures

6,

r

[

anda

hrse cases according to whether the

>
R

Je



C

o

Figure 4, Draw diameter ED, Figure 5, Suppose L AED = 30 and

£DBC = 40°,

FPigure 6, The center is on Figure 7, The center is inside the
the inscribed angle, inscribed angle,
=
C

igure 8, The center is outside the inscribed angle,
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Case I, The center is on the inscribed angls (Figure 6), Draw AO,

) (=]
The radii are squal so AO0 = BO and JA4A = (B = xo. Thersefore AC = ZAQC =
~
x° + x° = 2x° and £4ABC = x° = % Ac,

Case II. The center is inside the inscribed angle (Figure 7),

~
Draw diameter BD from B through C, From Case I we know ZARD = x° 2 5 AD
; 023
and £LDBC =y = 5 DC, Hence
o 0o 1 158 21 i 4 fn) 2L KA
LABC=x +y =4+AD+1iDC=%(AD+DC) =1%AC,

Case III, The center is outside the inscribed angle (Figure 8),

Draw diameter BD from B through O, From Case I we know ZABD = x° = 3 AD
and £CED = y° 2 1 (D, Therefore
. ~ 1 A o F ~~ -
aBc=x°-y°21AaD-41C=%(AD-0CD) 24ac,
EXAMPLE D, Find x: a8
A &

D

—~

N o
= ADC, Theresfore ADC = 2007, So ARC

o

afi

Solution: ¢B = 100°

—

ABC = £ (160°) = 80° ,

tofe

360° - 200° = 160° ang x° =

Ty

Answer: x = 80 ,
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e
[
13
[4
=

fo) ~

~ 5
Solution: 4B =x° = 1 AC, Also AC = £AOC = (x + 40)°, We have

LB 2 LAC
x = % (x +b0)
2x = x + 40
x = 40
Check: LB = %KEJ
X | % (x+80)°
50° | % (40 + 40)°
3 (80)°
50°
Answer: x = 40,
EXAMPLE F, Find x: 5
©
LA,
D

Solution: ADC is =z semicircle so iib = 1800, LB =x

(180°) = 90°

i

Answer: x = 20 ,
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We state the result of BEXAMPLE F as a theorem:

THECREM 2, An angle inscribed in a semicircle is a right angle,

EXAMPLE G, Find x:

Solution: According to THZOREM 2 /3B = 90°,

Therefore A ABC is a right

triangle and we can apply the Pythagorean theorem:

ABg + BC2 = ACz
(x+ 1%+ (x+3)% = (207
x2 + 2% + 1 + x2 + 6x + 9 = sz
2x2 + 8x + 10 = hxg
0 = 2x° - 8x - 10
0 = x° - lbx - 5
0 = (x-35)(x+1)
0 = 2x=-5 0 = 41
X = 5 x = -1
Ye reject the answer x = -1 since OC = x must have positive lengtih,
Check, X = 53 az® + 3c® = ac®
(x+1)2+ (x+2? | (207

(5+1)%2+(5+3)% | (205)°



)

19
62 & 82 102
36 + 64 100

100

Answer: x = 5,

The next four theorems are all consequences of THEOREM 1:
THEOREM 3, Parallel lines intercept arcs equal in degrees,

B’-ﬁo

Y
4 [

o

In Figure 9 if ABIl CD then AC

A
- 5

N

"\O
Figure 9, If ABI{lICD then AC

I
td
o

—~

Proof: Draw AD, Then ZADC =% AC and ZBAD = % 3p, Also ZADC = Z ap

because they are alternate interior angles of parallel lines AB and CD,

~
Therefore % g = % BD and EE = gb.
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N @ -
Solution: By THEOREM 3 x° = 40°, y® =222 £ 4Ac 2 £ BD 2 £(10°)
Answer: x =40, y =2z = 20 ,
THEOREM 4, An angle formed by a tangent and a chord is = 3 of its

intercepted arc,

§ =% B g ATy
Tn Figure 10 ZAPC = £ PC and £BPC = £ PDC,

D
|
1
i
|

Oy
' C
|
|
|

B P A

~>
Figurs 10, L/ APC and / BPC are formed by tanzent AB and chord PC,

Proof: 1In Figure 10 draw diameter PD, Then by THEOREM 1 of ssction

g T
ZAPD = /BPD = 90°, By THEOREM 1 of this section £ CPD = % (D,
£ APC = 90° - £CPD = 90° - & CD 2 90° - £(180° - PC) = 90° - 90° + % BC
g g ~ 5 —N
£BPC =90° + £cPD £ 90° + £ oD 2 & (180° + cp) 2 4 PoC,
N D
EXAMPIE I, Find %, y and CD:
I o :I
<
Y& A
o S0
B F

Ty
-

o
)

)

‘o
€23 )



N
Solution: By THEOREM 4 x° = % pc = £(80°) = 40°, y° =90° - x° =
= 180° - 80° = 100° ,

~ -

90° - 40° = 50°, D = 180° - CP
oY ey fo)

Answer:; x =40, y = 50, CD = 100",

THECREM 5, An angle formed by two intersecting chords is = to

sum of the intercepted arcs,

In Figure 11 x° = % (ﬁ’; + ED)

b
c
0
A
Pigure 11, x° 2 % (;% + a:‘).

—

2 1 AB and £CAD = % CD, By THEOREM 2, section 1,5,

Proof: /A ADB

an exterior angle of a triangle is equal to the sum of the two remote interior

D = (a3 + D).

o

5
AB +

o

angles, Therefore x° = £ADR + scaD 2

EXAMPLE J, Find x, y, and z:
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Solution: By THEOREM 5, x° 2 3(iB + D) 2 3(70° + 40°) = $(110°) = 55°,
y© 2 30D = 4(50°%) = 20°, 2° =% 4B = 4(70°) = 35°,
=55, y =20, z = 35,

A line which intersects a circle in two points is called a secant,

In Figure 12, PC is a secant,

An angle formed outside a circle by two secants, a tangent

THEOREM 6,
= % the difference of the intercepted arcs,

and a secant, or two tangents is

In each of Figures 12, 13 and 14, /P

Figure 13, £ P formed by a tangent

£ P formed by

tWwo secants, and a secant,
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Pigure 14, /P formed by two tangents,

) o 0 &
Proof: In each case x + y =z (because an exterior angle of a triangls

is the sum of the two remote interior angles), Therefore x° = z° - yo_

o

Z
. e o] o] 0 o g ] G = X
Using THECREMS 1 and 4 we have /P =x =2 -y = 3 CDE - 5 AB (CDE - AR),

[ H
e

EXAMPLE ¥, Pind x, vy and 2z:

~

Solution: By THEOREM 6, x° 2 %(CD - AB) = £(100° - 40°) = £(60°) = 30°,

By THEOREM 1, y° = 4 AB = 3(40°) = 20° and 2z° = % D = £(100°) = 50°,

Answer: x = 30, y =20, z =
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Historical Note: The practice of dividing the circls into 360

degrees gces back to the Gresks of the second century B,C,, who in turn

may have taken it over from the Babylonians, The reason for using the
numoer 360 is not clear, It could stem from an early astronomical assumption
that a year consisted of 360 days, Another explanation relies on the fact
that the Babylonians used a sexagesimal or base 60 number system instead

of the decimal or base 10 system that we use today, It is assumed that

the Babylenians may have also used 60 as a convenient value for the radius

of a circle, Since the circumference of z circle is about 6 times the

radius (see next section), such a circle would consist of 360 units,



PROELEMS
-~ ~
1 - 4, Find the number of degrees in arcs AB and ACB:

1. PI I B 2- A I

5 =10, Find x, y and z:

F}".

C

™~ 2c0°—
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11 - 26, Find x:

8 T2 {
b
X
13 14,
(e°
15, 16,
a
A c

=
)



: )

19,

23,

23
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f

pe




30 - 42,

¥ind %, y and z:







7.5 CIRCUMFERENCE OF A CIRCLE

)
L
[EEY

The circumference of a circle is the perimeter of the circle, the length
[T W O s ™

of the line obtained by cutting the circle and "straightening out the curves"”

(Figure 1),

A=RB

Figure 1, The circumference of a circle is the length cf the line obtained

by cutting the circle and straightening out the curves,

It is impractical to measure the circumference of most circular objects

directly, A circular tape measure would be hard to hold in place and would
become distorted as it would be vent., The object itself would be destiroyed
if we tried to cut it and straighten it out for measurement, Fortunately
we can czlculate the circumfersnce of a circle from its radius or diameter,
which are easy to measure,

An approximate value for the circumference of a circle of radius r
can be obtained ty calculating the perimeter of a regular hexagon of
radius T inscribed in the circle (Figure 2), 'We see that the circumference
is a 1ittle more than the perimeter of the hexagon, which is 6 times the

radius or 3 times the diameter, To get a tetier approximation, we incrsase
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Figure 2, Regular hexagon ABCDEF is inscribed in circle O, Both have radius

T and center O,

the numter of sides of the inscribed regular polygon, As the number of sides of
a regular polygon increases, the polygon looks more and more like a circle
(Figure 3). In section 7.1 we calculated the perimeter of a 90-sided regular
prolygon to be 3,141 times the diameter or 6,282 times the radius, The perimeter
of a 1000-sided regular polygon turned out to be only slightly larger, 3,1416
times the diameter or 6,283 times the radius, It therefore seems reasonable

to conclude that the circumference of a circle is about 3,14 times its diameter

or 6,28 times its radius,

\
|
,j/

,//’f

-

rxi

igure 3, A regular polygen of 15 sides looks almost like a circle,
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THEQREM 1, The circumfersnce of a circle is T times its diameter

or 27T +times its radius, where 7 is approximately 3,14 ,

The symbol ‘T (Greek letter pi) is standard notation for the number by
which the diameter of a circle must be multiplied to get the circumference,
Tts value is usually taken to be 3,14, though 3,1416 and %% are other commonly
used approximations, These numbers are not exact, for like 'N/E; it can be
shown that J{ is an irrational number (infinite nonrepeating decimal), Its

value to 50 decimal places is

3. 14159 26535 89793 23846 26433 83279 50288 41971 69399 37511

EXAMPLE A, Find the circumfersnce:

Solution: C = Td = (3.14)(L4) = 12,56 ,

Answer: 12.56 .

¥e define the length of an arc in the same manner as we defined

e

¢ircumference, We calculate it by multiplying the circumference by the

approrriate fraction,
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EXAMPLE B, Find the length

of zrc AB:

Solution: C = 27%r = 2(3,14)(10) = 62,8 , Since 90° is £ of 360°,

my

AB is i of the circumference C, AB = &+ C = £(62,8) = 15.7 .

Answer: 15,7 .

As we stated in section 7,4, the plain = symbel will be used for arc

lensth and the 2 symbol will be used for degrees, Thus in EXAMPLE B, AB = 15,7

90°,

=

but AB

We may also use the following formula to find arc length:

Degrees in Arc

Arc Length = S +  Circumference
360
or simply | o
' D
‘ L = 386 . C ;
| |
Thus in EXAMPLE B,
D a0 ;. i
T, = — = == (A = = =
L=355 ' C =3 (62,8) = £(62.8) = 15,7 .



)
)
n

EXAMPLE C, Find the length

™
of arc AB:

~

Solution: €= Td = (3.,14)(4) =12,56 , LACB =34

e

30°,

™
Therefore AR = 60°, Using the formula for arc length,

__]g-_ _@‘ =L £ =
L =380 ™380 (12,56) s (12,56) = 2,09 ,

Answer: 2,09 ,

EXAMFLE D, Find the diameter of a circle whose circumference is 628,

~—

)

Solution: Letting C = 628 and 7 = 3,14 in the formula for circumfer-

ence, we have

C = Td
628 = (3.14) 4
628 _ 3,144
3,1k 3.14
200 = 4 ,

Answer: diameter = 200 ,

Application: The odometer and speedometer of an automorile are

calibrated in accordance with the number of rotations of one of the wheels,

Suppose the diameter of a tire mounted on the wheel is 2 feet, Then its
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circumference is C = jvd = (3.14)(2) = 6,28 feet, Since 1 mile = 5280 feet,
the wheel will rotate 5280 — 6,28 = 841 times every mile, If the size of
the tires is changed for any reason the odometer and speedometer must be

recalibrated,

Historical Note: The circumference of the earth was first accurately

calculated by the Greek geographer Eratosthenes (c, 284 - 192 B,C,), who
lived in Alexandria, Egypt, It was known that at ncon on the day of the
summer solstice the sun's rays completely 1it up the wells of Syene (now
called Aswan), Egypt, This indicated that the rays of the sun were perpendic-
ular to the Earth's surface at Syene, and so, in Figure 4,'S§ passes through
the earth's center 0, At the same time, in Alexandria, Eratosthenes otserved
that the sun's rays were making an angle of‘jéa of 360° (that is, ?,20)

with the vperpendicular (£BAC = 7,2° in Figure 4), The rays of the sun are
assumed to be varallel hence ZLAQS = JLEBAC = 7,20 and i% = ?,20. Since the
distance between Alsxandria and Syene is about 500 miles (the length of gé),
Zratosthenes was zble to come up with a remarkably accurate figurs of about

(50)(500) = 25,000 miles for the circumference of the earth,

B
//
£ C
SunN's RAYS
* - D

Figure &, The sun's rays were perpendicular to the Earth's surface a2t S at the

; 5 g = (o QN o \
same time they were making an angle of 7,27 with the perpendicular at A,



)
)
~

Barly crude estimates of the value of T were made by the Chinese
(7J]C =3), Babylonians ( U = 3 or 3%}, and Bgyptians ( U = 3,16), The
value U = 3 is also the one assumed in the Bible (I Xings 7:23)., The
first accurate calculation was carried out by Archimedes (287 - 212 3,%,),
the greatest mathematician of antiquity, (Archimedes was also a famous
physicist and inventor, For example, he discovered the principle that a
s0lid immersed in a liquid is buoyed up by a force equal to the weight of

the fluid displaced,) In his treatise On the Measurement of the Circle

he approximates the circumference vy calculating the perimeters of inscribed
and circumscribed regular polygons (Figurs 5), This is similar o the method
we described in the text except that Archimedes did not havs accurate
trigonometric tables and had to derive his own formulas, By carrying the
process as far as the case of the polygon of 96 sides he found the value of

to be between 32 and 3%, (Incidentally Archimedes did not actually use the

71
symbol "X . The symbol U was not used for the ratio of the circunference

to the diameter of a circle until the 18th cenitury,)

L4

N
G

Figure 5, The circumference of circle O is greater than the verimeter of

=

th2 inseribed pelyzon ABCDEF but less than the perimeter of the eircumscribed

polyzon GHIJKL,
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The vprocedure of Archimedes was the beginning of a long history of
increasingly accurate czlculations of the value of 7T, Since the 17th
century these calculations have involved the use of infinite series,
such as

—

T =

-
1
W
+
+
O |
1

~J |-

==
un—

[}

the derivation of which can be found in many calculus textbooks, HMost

recently, with the help of a computer, the value of X has been determined

to 2 million decimal places,



PROBLEMS

For each of the following use T = 3,14 ,

1 -8,

Find the circumference of each circle:

~0



~
9 - 14, PFind the length of arc AB:

10,

14, A

.B

~ ~
15 - 16, Find the lengths of arcs AR and CD: C




L
E
..

P

17 = 13, Find the length of major arc ABC:

i

o
s

24,

25,

26,

27,

18-

B
19 = 22, Find the circumference of the circles whose ,,.,

diameter is 30, 20, diameter is 8,

radius is 10, 22, radius is 6,

Find the radius and diameter of the circle whose circumference is 314,

Find the radius and diameter of the circle whose circumfersnce is 100

(leave answer to the nearest whole number),

What is the circumference of an automobile wheel whoss diameter is

14 inches?

What is the circumference of a 12 inch phonograph rscord?

What is the diameter of the earth if its circumference is 24,830 miles?

What is the diameter of a guarter mile cirecular running traeck?
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7.6 AREA OF A CIRCLE

In chapter VI we defined the area of a closed figure to be the number
of square units contained in the figure, To apply this definition to the circle,
we will again assume a circle is a regular polygon with a larze number of

sides, The following formula is then obtained:

THEOREM 1, The arsa of a circle is 77 times the square of its radius,

A = T2 .
|
EXAMPIE A, Find the area of
the clrcle:
+ L o o e FANE i e _
Solution: A = “TWr~ = T(3)° = 97w = 9(3.14) = 28,26 ,

Answer: 28,26 ,

Proof of THEOREM 1, The area of a circle with radius r is approximately
equal to the area of a regular polygon with apothem a = r circumscribed
about the circle (Figure 1), The approximation becomes more exact as the
number of sides of the polygon becomes largzer, At the same time the perimeter

of the polygon approximates the circumference of the circle ( = 2 7 x),



343

Figure 1, Regular polygon with apothem a = r circumscribed avout circle with

radius r,

Using the formula for the area of a regular polygon (THEOREM 4, section 7.1)

we have
area of circle = area of polygon = $aP = 3 r(27r) = ﬂ"rz .
EXAMPLE B, PFind the shaded
area:
A B
Solution: The shaded aresa CAB is é%% = % of the total area (see Figure 2),
The area of the whole circle = 7Tr2 = 7?(3)2 =9 = 9(3,14) = 28,26 ,

N>

Therefore the area of OAR = 7 (28,26) = 4,71 ,

Answer: 4,71 ,
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Figure 2, A cirecle divided into six egual parts,

The shaded area in EXAMPLE B is called a sector of the cirels,

[ ey

EXAMPLE B suggests the following formula for the area of a sector:

Decrees in arc of sector

Area of sector = 360 « Area of circle

or simply

Using this formula, the solution of EXAMPLE B would be

. Rt CED G JCRDIC N

(28,26) = 4,71

v

EXAMPLE C, Find the shaded aresa:




Solution:

Figure 3,

D OAB is equilateral with
nave that AACC is a

Therefors area of A 0AB =

shaded arsa

The shaded areaz in EXAMELZE C is called a segment of the circle,

30°-60°-90°

345

Let us first find the aresa of triangle OAB (Figure 3),

A

| SEE——

Triangle CARBR with base b and height h,

base b = A3 = 10,

Il

Drawing in height h =
triangle with AC = 5 and h = 54/3,

tth = %(10)(5@f§) = 254/5. Therefore
area of sector OAB - arez of triangle 0AB
[
360

50
360

<oh

e 2
T (10)

- %(10)(%[3)_
150/ 3)

% (10070 ) -

5%7?— - 254/3
0248 - 25(1.732)
52,33 - 43.30 = 9,03 .
answers 22T - 25./3 or 9,03,

The

N

area of 2 segment is cobtzined by subtractiing the area of the triangie from

the area of the sector,
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EXAMPLE D, Find the shaded

area:

A 0 O 20 B

Solution: The area of the large semicircle = %'ﬂ'rz =% 47 (20)° =

[

(400) 7T = 2007 . The area of each of the smaller semicircles = $ Txr" =

o

2
7(10)" =% (100) T =50 7T . Therefore

ool

It

shaded area area of large semicircle - (2)(area of smell semicircles)

= 200 - 2(507)
= 2000 - 100
= 1007 = 100(3.14) = 314 |

Answer: 10077 or 314 ,

Historical Note: Protlem 50 of the Rhind Papyrus, a mathematical

treatise written by an Egyptian scribe in about 1650 B.C., states that the
area of a circular field with a2 diameter of ¢ units is the same as the area

of a square with a side of 8 units, This is equivalent to using the formula

2
A = (% d)” to find the area of a circle, If we let d = 2r this becomes
284 3
A= (% d)2 = (% : 2':)2 = (%? r}z = Eﬂ? r* or about 3.16 @ . Comparing
this with our modern formula & = T r2 we find that the ancient Egyptians

—

had a remarkably good avproximaiion, 3,16, for the value of 77,



Wl
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o |

In the same work in which he calculated the value of 77 , Archimedes

gives a formula for the area of a circle (see Historical Note, section 7.5).

He states that the arez of a circle is equal to the area of a right triangle

whose base b is as long as the circumference and whose altitude h equals the

il

C and h = r in the formula for the area of a triangle,

cr=32mTz)= T r2, the modern formula,

radius, Letting b

Pofes

we obtain A = £ bth



PROBLEMS

1 - 6, Find the area of the circle (use 77 = 3,14):

7 = 10, ™ind the area of the circle with,...
7. radius 20, 8, radius 2,5 ,
9, diameter 12 , 10, diameter 15,

(use T = 3,14)
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11 - 14, Find the shaded area (use T = 3,14):

1L, 12,

13.

A B
15 = 30, Find the shaded area, Answers may be left in terms of “[U and in
radical form,

1_50 16.
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18,

17!

B

L)L

A




25,

2?‘

29.

351
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APPENDIX

PRCQOF OF THE Z THECREM

In section 1.4 we stated but did not prove the following theorem:

THEOREM 1 (The "Z" Theorem), If two lines are parallel then their
alternate interior angles are equal, If the alternate interior angles of

two lines are equal then the lines must be parallel,

THEOREM 1 consists of two statements, each one the converse of the

other, We will prove the second statement first:

THEOREM 1 (second part), If the alternate interior angles of two
lines are equal then the lines must be parallel, 1In Figure 1, if £Zx= x'

— «—>
then AB must be parallel to CD,

/
N
c /{{//' D

o
< «—>
Figure 1, e will prove that if zx = ¢ x' then AB is parallel to (D,

> >
Proof: OSuppose «£x = «x' and AB is not parallel to CD, This means

~ >
that AB and CD meet at some point G, as in Figure 2, forming a triangle, A XILG,



«> «—>
Figure 2, If AB is not parallel to CD then they must meet at some point G,

We know from the discussion preceding the ASA Theorem (THEOREM 1, section 2,3)
that OKLG can be constructed from the two angles 4 x' and 4y and the
included side KL, Now £« x= «x' (by assumption) and «y' = <4y

( 2y" = 180° - ¢£x' =180° - Lx= ¢« v)., Therefore by the szme consiruction
L x and L y' when extended should yield a triangle cengruent to A KLG,

Call this new triangle ALKH (see Figure 3), We now have that g and %
are both straight lines throusgh G and H, This is impossible since one and
only one distinct straight line can be drawn through two voints, Therefore

& &~ >
our assumption that AB is not parallel to CD is incorrect, that is, AB must

<~
e parallsl to CD, This completes the proof,
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THEOREM 1 (first part). T two lines are parzallel then their alternate
“> >
interior angles are equal, In Figure 4, if AB is parallel to CD then
Lx= Zx',
A Vil B
X T
Xi’
c / ~ D
x4 >
Pigure 4, We will prove that if AB is parallel to CD then ¢x = £x’',

£ «~>
Proof: Suppose AB is parallel to CD and £x # £ X', One of the angles

o
is larger; suppose it is zx that is larger, Draw EF through P so that
&~ &~
2w = /x' as in Figure 5, BEF is parallel to CD because we have just proven
(THEOREM 1, second part) that two lines are parallel if their alternate
interior angles are equal, This contradicts the parallel postulate (section 1,4)
which states that throush a point not on 2 given line (here point P and line
R4

CD) one and only one line can be drawn parallel to the given line, Therefore

£ x must be equal to £ x', This completes the proof of THEOREM 1,

4

O

[
ug
i
\n
oJ
H
&
=
=)

T so that 2w = £Lx',
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VALUES CF THE TRIGCNOMETRIC FUNCTICNS

Angle Sine Cosine Tangent Angle Sine Cosine Tangent
12 0175 .9988 0175 46° 7193 5947 1.0355
2% 0349 L9904 0349 47° 7314 6820 1.0724
3° 0522 98846 0524 48° 7431 6691 1.1106
i 0698 9076 0699 49° 7547 6561 1.1504
59° 0872 9062 0875 507 L7660 6423 1.1918
[ 1045 0045 1051 51¥ JIT1 6293 1.2349
7° .1219 9985 1228 52° 7880 G157 1.2799
8- 3392 9003 1405 53° JT086 £H018 1.327
g 1564 O877 .1534 24 8090 5878 1.3764

10° 1736 0848 1763 5” 8192 2736 1.4281
11° 1908 9816 1044 56° .8200 5592 1.4826
i2v 2097 A781 2126 Y 8387 0446 1.5309
13¢ 2250 9744 2309 58° 8480 5299 1.6003
14° 2419 9703 2493 592 8572 51560 1.6643
5o 2588 0659 2679 60° L8660 5000 1.7321
16° 2756 0613 2867 61° 8746 4B4B 1.83010
17° 2024 9563 3057 62° 8829 4695 1.8807
189 3090 9511 2249 63° 8910 4540 1.9626
b4 3256 0455 3443 64° .B3988 4384 2.0503
20° 3420 9397 3640 65° 9063 4226 . 2.1445
21° 3584 9336 3839 66° 9135 4067 2.2460
22° 3746 9272 AG40 67° 9205 5007 2.3559
239 B907 9205 4245 68° 9272 3746 24751
24° 4067 L9135 4452 69° 9336 3584 2.6051
25° 4226 .2063 4663 TS 83917 .3429 2.7475
26° 4364 L8088 ABTT 71° L9455 0256 2.5042
27° 4540 8910 2085 5 .l 92511 S000 3.0777
28° 4695 8829 B317 T30 L9563 2924 3.2709
29¢ 4848 8746 5543 74° 0613 27565 3.4874
30° 5000 L8660 5774 752 0659 2588 3.7321
31° 5150 8572 L6009 76° 9703 2419 4.0108
32° 52499 .8480 £24¢ 77 0744 2250 4.3315
33° 54406 8387 6494 78° L9781 2079 4.7046
34° 5592 .8290 6745 79° L0816 .1908 5.1446
35° 5736 8192 L7002 §0° ! 9848 1736 5.6713
36° 0878 8020 7265 §1° 08717 15864 " 6.3128
37° 6018 7986 1036 §2° 9903 1392 T.1154
38° 6157 .T€80 1813 83° 0025 1219 8.1443
39° 6293 ATT1 L8008 84° L0945 L1045 05144
40° 6428 7660 8201 85° L0062 0872 11.44301
11° 5561 7547 8683 8§67 9976 06u8 14.3007
42° B601 7431 L2004 87° 0986 0523 19.0811
43° 6820 314 2325 88° L0004 034 28,6365
44° 6047 1193 8637 89~ 9998 0175 97.2900
45° 071 7071 1.0000 90~ 1.0000 00090
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ANSWERS TO ODD NUMBERED PROBLEMS

Pages 14-16

1. ZCBD or £DBC 3. ZAED or /DEA 5. ZABC or ZCBA 7. 70"
9. x = 1307, y = 50° 11. x = 30", y = 60°
15. ZBE

= 60°, £ZB = 50°, £C = 70°
15. ZA = 110%, ZB = 80%, ¢ = 70*, LD = 100°
17 . 19.
E A
20 y5°
A B 8 C
21. 23
R
P
72" 35°
S T Q R
25, 3§° 27. 30°

Pages 26-29

1. (a) 53° (b) 45° (c) 37° (d) 30° 3. 15° 5., 30°

7. (a) 150° (b) 143° (c) 90° (d) 60° 9. 30° 1ll. x = 3, -3
13. 10 15.x = 70, y = 110, z =70 17. x = 30, y = 45, z = 105
19. x =y =2 =90 21. x = 40, y = 80, z = 100 23. 8, -8

25. 4, -5  27. 45°

Pages 42-45

l. x = 50, vy = z = 130 3. u=x =12 =120, t = v = w = y = 60

5. 55 T B0 9. 50 11. 55 13. 60 185: 37 17. 1}

19. alternate interior: ZABD & /ZCDB - AB"CD; {ADB & /CBD - AD”BC

21. corresponding: /BAC & /EDC - AB||DE; /ABC & /DEC - AB||DE

23. interior on same side of transversal: /BAD & /CDA - AB||CD;
[ABC & /DCB - AB|CD

25. alternate interior: /BAC & /DCA - AB"DE: LABC & LECB - ABHDE

27. 65°
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Pages 55-57

L. 85" 3. 37" 5. 60° 7. 30 9. 6 131. 120
13. x = 50, y = 40, z = 50 15: 65" 17 8 19. 24 21, 7267
23. 60° 25. 108°
Pages 65-66
1. 2/3 3w B 5. x =1, AB = 2 T K 9, ZACB = 9Q°
e sl 2 1. 5
2
Pages 71-72
l. AB = DE, BC = EF, AC = DF, ZA = /D, /B = [LE, [C = [F, x=5, y=6
3. RB = CD, BC = DA, AC = CA, ZBAC = /DCA, /B = [D, /LBCA = /[DAC,
X = 55, y = 35
5. APQR = ASTU 7. AABC = AARD 9. AABD = ACDB
Pages 81-83
L. Bg@ = 1.7, LB = 307, 4= 90° 3, BC = 1.95, /B = 99°, ZC = 41°
. /B T D
9. (1) AC, /A, AB of aAARC = DF, /D, DE of ADEF (2) aABC = ADEF
(3) x = 65, y = 45
11. (1) AB, 4B, BC of AABC = EF, LF, FD of AEFD (2) AABC = AEFD
(3) x = 40, y = 50
13. (1) AB, /B, BC of AABC = ED, /D, DF of AEDF (2) AABC = AEDF
(3) x = 8
15. (1) AB, £B, BC of AABC = ED, £D, DF of AEDF (2) AABC = AEDF
(3) = 20, ¥= 30
17. (1) BA, LA, AC of AABC = DC, ZC, CA of aCDA (2) AABC = aCDA
(3) g = 22
19. (1) AC, /ACD, CD of AACD = BC, /BCD, CD of ABCD
(2) AACD = ABCD {3) x = 50
21. (1) AD, /ZADC, DC of AACD = BD, £BDC, DC of ABCD
(2) AACD = ABCD (3) x = 2
23. (1) BC, /BCA, CA of AABC = DC, ZDCE, CE of AEDC
(2) AABC = AEDC (3) x = 20, y = 10
25. (1) AcC, /ACB, CB of AABC = EC, ZECD, CD of AEDC
(2) AABC = AEDC (3) x = 70
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Pages 93-96

1. BC = 1.9, AC = 2.3, LC = 90° 3. BC = 2.3, AC = 1.9, /C = 90°

5. AB 7. DF

9. (1) AABC = ADEF (2) ASA = ASA: /A, AB, /B of AABC = /D, DE, /E
of ADEF (3) x = 5, y = 6

11. (1) ARST = aAUWV (2) AAS = AAS: /T, /R, RS of aRST = /V, /U, UW

2) =

of AUWV (3) x = 7, y = 6

13. (1) AABD = ACDB (2) ASA = ASA: /B, BD, /D of AABD = /D, DB, /B
of acDB (3) x = 30, y =

15. (1) AABC = AEDC (2) ASA = ASA: /A, AC, /ZACB of AABC = (/E, EC,
LECD of AEDC (3) x = 11, y = 9

17. (1) AACD = ABCD (2) AAS = AAS: /A, /ACD, CD of AACD = /B,
ZBCD, CD of ABCD (3) x =5, y =5

19. (1) AABC = AEDC (2) ASA = ASA: /B, BC, /(BCA of AABC = /D, DC,

LDCE of AEDC (3) x = 2, y = 3

21. (1) AARC = AEDF (2) ASA = ASA: /B, BC, ZC of AABC = /D, DF, /F
of AEDF (3) x = 2, y = 3

23. APTB = ASTB, ASA = ASA: /PTB, TB, LTBP of APTB = /STB, TB, /LTBS
of ASTB. SB = PB = 5, SP = SB + BP = 5 + 5 = 10,

25. ADEC = ABAC, ASA = ASA: [/E, EC, /LECD of ADEC = /A, AC, /ACB of
ABAC. AB = ED = 7

Pages 100-102

1. /A = /D given, AB = DE given, /B = /E given, AARC = ADEF ASA =
ASA, AC = DF corresponding sides of = a's are =.

3. AC = EC given, /ACB = /ECD vertical 4's, BC = DC given, AARBC =
AEDC SAS = SAS, AB = ED corresponding sides of = A's are =.

5. /ABD = /CDB given, BD = DB identity, /ADB = /CBD given, AABD=
ACDB ASA = ASA, AB = CD corresponding sides of = aA's are =,

7. AC = BC given, /ACD = /BCD given, CD = CD identity, AACD = ABCD
SAS = SAS, /A = /B corresponding £'s of = A's are =,

9. /BAE = /DCE alternate interior Z4's of " lines are =, AB = CD
given, /ABE = /CDE alternate interior £'s of | lines are =, AABE
ACDE ASA = ASA, AE = CE corresponding sides of = A's are =,

11. LABC = /DCE corresponding 4's of || lines are =, /A = /D given,

AC = DE given, AABC = ADCE AAS = AAS, BC = CE corresponding
sides of = A's are =
13. AD = BC given, 4BAD
ABAC SAS = SAS, AC

/ARC given, AB = BA identity, AABD=
BD corresponding sides of = a's are =.

Pages 111-112

Iq 35 3 7 5. 45 Tw X 18, £A = LB = 52
9. x = 4, AB = 24, AC = BC = 21 1l. 2 = 1; ¥
1

1]
o
=]
(@}

1
’_‘
o

11§
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Pages 118-120

L.

3.

B

Ts

9.

1.

13

AABC = AFDE, SSS SSsS: AB, BC, AC of AABC FD, DE, FE of AFDE,

X = 30, y =170, z = 80
ARBD = ACDB, SSS = SSS: AB, BD, AD of AABD = CD, DB, CRBR of ACDB,
X = 70, y = 50, z = 60

AARBC = AEDC, SAS = SAS: AC, /ACB, CB of AABC = EC, [ECD, CD of
AEDC, x = 8, y = 60, z = 56
AABC = AADC, ASA = ASA: /BAC, AC, ZACB of AABC = /DAC, AC, ZACD
of AADC, x = 3, vy = 4
AB = DE, BC = EF, AC = DF given, AABC = ADEF SSS= SSS, /A = /D
corresponding 4's of = aA's are =.
AB = AD, BC = DC given, AC = AC identity, AABC = AADC SSS= SSS,
/BAC = [/CAD corresponding Z's of = aA's are =.
AE = CE given, Z/AEB = /CED vertical /'s are =, EB = ED given,
AAEB = ACED SAS = SAS, AB = CD corresponding sides of = a's are

Pages 126-129

L
3
B
7

B

11,
13
15
135

1g,

21,

(1) AABC = ADEF (2) Hyp-Leg = Hyp-Leg: AB, BC of AABC = DE, EF
of ADEF (3) x = 42, y = 48

Triangles cannot be proven congruent.

Triangles cannot be proven congruent.

(1) AABC = ACDA (2) AAS = AAS: /B, [BCA, CA of aABC = /D,
/DAC, AC of ACDA (3) x = 25, y = 20
(1) AACD = aBCD (2) SAS = SAS: AD, /ADC, DC of aACD = BD,

LBDC, DC of ABCD (3) x = 4

Triangles cannot be proven congruent.

Triangles cannot be proven congruent.

Triangles cannot be proven congruent.

OP = OP identity, OA = OB given, AOAP = AOBP Hyp-Leg = Hyp-

Leg, AP = BP corresponding sides of = a's are =.

AB = CD, AD = CB given, BD = DB identity, aAABD = aCDB SSS =

SSS, /A = /C corresponding /'s of = A's are =,

AD = BD given, ZADC = /BDC 90° given ABICD, CD = CD identity,
ABACD = ABCD SAS = SAS, /A /B corresponding £'s of = A's are

Pages 139-141

x = 40, y = 140, r = 4, s = 8
w =35, x= 25, y = 120, z = 35 5. x = 130, y = 50, z = 130
£ =70, A =707 B E 1107, S8 =70%, ¥BE 1107
X = 25, y = 20, AC = 40, BD = 50
X =2, AB = CD = 4 or x = 3, AB = CD = 9
Xx =4, y =1, AB = CD = 7, AD = BC = 3
X = 4, y =2, AC = 16, BD = 12
x = 20, y = 10, /A = 40°, /B = 140", LC = 40°, LD = 140°
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Pages 154-156

l. w=250, x = 40, y = 50, z =50 3. x =230, y= 60

5. x =4, y =4, z = 4, AC = 8, BD=8 7. x = 40, y = 40, z = 100
9. 1 l1l. x = y = z = 45 13. x = 60, y = z = 120

15. x = 135, y = 100 17. w=x = 50, y = 130 , z = 50 19: B
Page 161

Pages 173-176

1. AABC ~ AFED 3. AABC ~ ADFE 5. ARBC ~ ADBE T4 ‘6 95 7
11, I 13. 5 15. 6 1. = 6, ¥= 1.8 9. 15

21. x = 4.5, y = 1.5, z = 15 23, 100 feet

Page 181

1. 5 3. 1.5 5. 4

Pages 192-196

1. 10 3. 8 5.42 7. 43 9. 32

1. # £ 6, BC =6, A& =28, BB = 18

13. %= 17; PR = 8, OB = 15, PO = 17 15, 22 17 %% 3, AB = 1%
19: x = 7; AC = 30, BD = 1% 71; ¥ =8, y = 8§

23. x = 5, ARB = 12, BD = 13 25. yes 27. no 29. no

31. 24 feet 33, no

Pages 207-210

1. 8 33, ¥ 2.6 3. x =5, y= 53 5. X =43, ¥ = 2{/3

7:- 8= 8, v = 32 9, & ¥y =57 11. 1042 13, 32

15. x = 8, vy = 4/3 17. x = y = (5/2)/2 18, %5 3, ¥ = A3
21. x = 5{3, AB = 20 23. x =3, ¥ = 6 25. AC = 8, BD = 8{3
Page 214

L, & 3, 3 5. 22
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Pages 223-224

1o 42, 8 12, .8, 12, B 3. _8, 15, _8, 15, _8, 15
13 13 5 13 13 312 17 17 15 17 17 8
5. l-‘ 'er 4,-_-3__, "ré; Lz ‘."'j 7 Q’ Qr l! 'r_j: ‘J-_2-r 1
2 2 3 2 2 2 2 2 2
9; {8, 1; {3, L, {3, £3 1. 2, 48; 28, 45, 2, A5
2 2 2 2 3 3 3 5 3 3 2
I3 Lo 8, I3, €3, L, 43 18. 8, 4 17: 3. A3
2 2 3 2 2 5 3 2 3
19. 3410, 0
10 10

Pages 234-238

L. «L736 3w «LTE6 5. 1.0000 T+ <3090 9% I <918 1Lk 6.4
3. 7,7 15, 119 17. 8.4 19, 44.8 21. 7.8 23, 205
25, 14:5 215 13 29. 4.8 31. 42° 33. 3T 35. 56°

37. 48° 39. 4.6 41. x = 4.6, y = 7.7 43. 7.8

45. x = 8.2, y = 26.5

Pages 242-243

1. 50.3 feet 3. 5759 feet 5. I 7. 18.8 feet

Pages 249-252

1. A =12, P = 16 3. A = 49, P = 28 5. A= 3, P= 45

7. A = = 46 9. A =48, P =28 11. A = 25{3, P =10 + 1043
I3. & = 50, =i 20 2 15. 4 17. 4 19. 48000 square feet

21. 296 23. 450 25. 1800 pounds

Pages 258-259

1. A = 240, P = 66 3. A = 36, P = 28 5. A = 96.4, P = 50
7. A =10, P=10 + 42 9.7 11. 4 13. x =8,y =275

Pages 265-267

1. 60 3. 10 B: 11,5 7. A2 6; B = 312 9., A = 108, P = 54
11. A = 44, P = 28 + 45 13. A = 60; P = 40

15. A = 2, P = 4 + 22 17. A = 16/3, P = 24

19, & = 42.0, B = 31.4 21. 5 23, 4
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Pages 271-272

1. 42 3. A = 96, P = 40 B A= 24,8 =30 T: B= 3273, P = 32
9. 167.8

Pages 276-277

1. 40 3. A = 36, P = 28 5. K= 32 Pis 2% % 17

7. A = 44, P = 232 9. A = 50 + 25V3, P = 40 + 1043

11. A = 375/ 3, P = 95 + 5421 13. A = 269.2, P = 84.9 15. 7
Pages 288-289

l. x =y =2 = 60, r = 3 3. x =72, vy =2 =54, r =17

5. x = 90, y =2 = 45, r = § 7. a = 27.5, P = 200, A = 2752.8
9, aZ 17.3; P =120, A = 1039.2 1l.a = 36.8, P = 200, &A= 3077.7
13, a= 16.2, P = 117.5, A = 951.1 15. a = 8.7, P = 60, A = 259.8
17. a = 9.5, P = 61.8, A = 293.9

Pages 299-300

20; 4
10, d

40 3. 30 By B T &
20 11. AB = 12, CD = 16

1
=
wn
(o}

1

30

(Yol ol
-
non

Pages 308-310

1. AB % 60°, ACB 2 300° 3. AB 2 80°, ACB 2 280°

5. x =80, y=70, z=90 7.8 =60, y=60, z= 60

9. x =35, y =170, z = 70 11. 130 13. 50 15. 60  17. 70
19. 50 21.°90 23. 12 25. 40 27.%x =50, y =z = 25 29. 70
31. x = 45, y = 45, z = 90 33. 35 35. x = 70, y = 40, z = 30
37. 80 39. x = 45, y = 15, z = 60 4l. x = 30, y = 50, z = 80
43. 30 45. 70

Pages 335-341

1, 3L.% ¥ 62.8 5. 12.56,.25.13 7. 40.82 9 B.37 11. 52.3

13. 6.28 15. AR = 3.925, Ccb = 7.85 17, 89 .3 19. 94.2
21 . B62.8 23. r = 50; &8 = 100 25, 43,96 inches
27. 7907.6 miles
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Pages 348-351

1. 3.14 3. 12.56 5. 78.5 7. 1256 9. 113.04 11. 157
13. 62.8 15. (200m/3) - 10043 17. 25% - 50 19. 100% - 200
21. 100 - 25% 23. 200 + 257  25. 21m  27. 50m  29. 100 - 25%
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LIST OF SYMBOLS

365

equal angles,

il

A, B points A, B, 1 | right angle, 17
>
AB line AB, 1 _l_ perpendicular, 18
AB line segment AB, 1 " parallel, 30
—a
AB ray AB, 1 N ~R— S
= equals, 2 S ———
parallel lines, 30
/ Vi # = .%_.
/ / A triangle, 46
equal line segments, 2 prase congruent, 67
Z angle, 8 ~ similar, 162
‘ degree, > is greater than, 211

arc AB, 311

equal in degrees, 311

pi, 333
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AA = AA, 163

RAR = ARA, 124

AAS Theorem, 88

acute angle, 17

acute triangle, 58
adjacent leg, 215
alternate interior angles,
altitude:

31

of a parallelogram, 253

of a trapezoid, 273

of a triangle, 60, 260
angle, 8

acute angle, 17

central angle, 311

exterior angle, 43

formed by a tangent and a
chord, 320
formed by a tangent and a
secant, 322
formed by two chords,
formed by two secants,
formed by two tangents,
has positive measure, 20
inscribed angle, 313
obtuse angle, 17
of a triangle, 46
of depression, 240
of elevation, 239
of incidence, 24
of reflection, 24
right angle, 17
straight angle, 17
angle bisector, 12, 61
of a regular polygon,
angle classification, 17
Angle-Side-Angle Theorem,
92
angles:

321
322
322

278

85,

alternate interior angles, 31

cointerior angles, 35
complementary angles,
corresponding angles:
of congruent triangles,
of parallel lines, 33
of similar triangles,
interior angles:
of a polygon, 130
of a regular polygon,
cf a triangle, 49
on the same side of

19

162

278

the

67

INDEX

transversal, 35
supplementary angles,
vertical angles, 22
apothem, 281
Arabs, 206
arc; 311

degrees in,

length of,
Archimedes,
area, 244

of circle, 342

of parallelogram,

of rectangle, 245

of regular polygon,

of rhombus, 268

of sector, 344

of segment, 345

of square, 245

of trapezoid,

of a triangle,
ASA Theorem, 85,
axiom, 25

20

311
334

337, 347

253

283

[V VU VI VI R (VR VI 1 T 1]

273
260
92

Babylon, 6
Babylonians,
base:
of
of
of
base

324
a parallelogram, 253
a trapezoid, 148
a triangle, 104
angles:
of a trapezoid,
of a triangle, 104
bisect, diagonals c¢f a
parallelogram, 136
bisector, angle, 12, 61
bisector, perpendicular,
of a chord, 295
bisects, 12
brace, 116
bridge of fools,

148

18

110
C Theorem, 36
center:

of a circle, 290

of a regular polygon,
central angle, 311
chord of a circle,
circle, 290

area of, 342

circumference of, 331

278

291



diameter of, 291

radius of, 290
circumference of a circle, 331
circumference of the earth, 336
circumscribed polygon, 306
cointerior angles, 35
collinear points, 5
compass, 290
complement, 19
complementary angles, 19
congruence, reasons for, 125
congruent triangles, 67
converse of a statement, 105
corollary of a theorem, 107
corresponding angles:

of congruent triangles, 67

of parallel lines, 33

of similar triangles, 162
corresponding sides:

of congruent triangles, 67

of similar triangles, 162

are proportional, 165

cosine, 216, 232

table of values, 356
cross multiplication, 159

decagon, 130
degree, 9
degrees:
in a circle, 312
in an arc, 311
in an angle, 9
sum of, in the angles of:
a pentagon, 52
a quadrilateral, 51
a triangle, 47
depression, angle of, 240
diagonals:
bisect each other, 136
of a rectangle, 146
of a rhombus, 142
of a parallelogram, 130
of an isosceles trapezoid,
150
diameter of a circle, 291
distance:
between two points, 1
from a point to a line,
211; 212
double column form of proof,
50, 97
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Egypt, 6

Egyptians, 346

Einstein, 41

equal :
angles, 11
in degrees, 311
line segments, 2

equiangular triangle, 58, 107

equilateral triangle, 58, 107,
278

Eratosthenes, 336

Euclid, 6, 40, 79

Euclid's Elements, 6, 40, 79,
109, 248

exterior angle of a triangle,
49

extremes of a proportion, 157

F Theorem, 34
formalist school, 80
45-45-90 triangle, 200

Gauss, Karl Friedrich, 53
geometry, 1, 6

given, 98

Greeks, 6

height:

of a trapezoid, 273

of a triangle, 260

of a parallelogram, 253
hexagon, 130, 278
Hilbert, David, 80
Hindus, 206
Hipparchus, 231
Hyp-Leg = Hyp-Leg, 121
hypotenuse, 59, 182
Hypotenuse-Leg Theorem, 121

identity, 86, 98
included angle, 74
included side, 85
infinite series:
for sine function, 232, 233
for =, 338
inscribed angle, 313
inscribed circle, 306
intercept, 311, 313
interior angles:
of a polygon, 130
of a regular polygon, 278
of a triangle, 49
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on the same side of the
transversal, 35

invalid reasons for congruence,

125
irrational numbers, 205
isosceles right triangle, 200
isosceles trapezoid, 148
isosceles triangle, 58, 103

legs of a right triangle, 59,
182
legs of a trapezoid, 148
Leibniz, 232
length:
of a line segment, 1
1s always positive, 5
of an arc, 333
line, 1
line segment, 1
Lobachevsky, N. I., 40, 41
longer leg of a 30-60-90
triangle, 198

major arc, 311

means of a proportion, 157
measure of an angle, 9, 20
median of a triangle, 61
midpoint, 3

minor arc, 311

Napoleon, 92
Newton, 232

non-Euclidean geometry, 41, 54

obtuse angle, 17

obtuse triangle, 58

octagon, 130, 280

opposite angle of a triangle,
103

opposite angles of a
parallelogram, 132

opposite side of a triangle,
103

opposite sides of a
parallelogram, 132

opposite leg, 215

parallel lines, 30

parallel postulate, 30, 40, 53

parallelogram, 130
area of, 253
pentagon, 52, 130, 278

sum of the angles of, 52
perimeter, 246

of a regular polygon, 284

of a triangle, 63
perpendicular, 18
perpendicular bisector, 18
pi (m), 333, 337

plane, 1
plane geometry, 1
point, 1

polygon, 130

pelygon, regular, 278
area of, 283
perimeter of, 246

positive measure of an angle,
20

positive length, 5

postulate, 25

proof, 25, 99

proportion, 157

protractor, 9

proving lines and angles
equal, 97

pyramids in Egypt, 172

Pythagoras, 6, 190

Pythagorean School, 6, 180, 206

Pythagorean Theorem, 182
converse of, 187

gquadrilateral, 51, 130
sum of the angles of, 51
quadrilaterals, 142
properties of, 153
summary of, 152

radius:

of a circle, 290

of a regular polygon, 278
ray, 1
Reasons for Congruence, 125
rectangle, 144

area of, 245
reflex angle, 17
regular polygon, 278

area cf, 283

center of, 278

perimeter of, 284

radius of, 278
relativity, 41
remote interior angle, 495
Rhind Papyrus, 346



rhombus, 142
area of, 268

Riemann, Georg, 40, 41

right triangle, 59
isosceles, 200
Pythagorean Theorem, 182
solution of, 225
special, 197
trigonometry of, 215

right angle, 17

rigid figure, 117

Russell, Bertrand, 79

SAS Theorem, 74, 79
scalene triangle, 58
secant, 322
sector of a circle, 345
semicircle, 312
shorter leg of a 30-60-90
triangle, 198
Side-Angle-Side Theorem 74, 79
Side-Side-Side Theorem, 113
sides:
of a polygon, 130
of a triangle, 46
of an angle, 8
similar triangles, 124, 162
corresponding angles, 162
corresponding sides, 162
are proportional, 165
similarity statement, 162, 165
sine, 216, 232
infinite series, 232, 233
table of values, 356
SOHCAHTOA, 217
special right triangles, 197
square, 148, 278
area of, 245
SSA = SSA, 123
SSS Theorem, 113
straight line, 1
straight angle, 17
successive angles of a
parallelogram, 134
sum of the angles:
of a2 triangle, 47
cf a quadrilateral, 51
of a pentagon, 52
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supplement, 20
supplementary angles, 20

table of trigonometric

values, 356
table of Hipparchus, 231
tangent:

of an angle, 216, 232

table of values, 356

to a circle, 301
Thales, 6, 92, 108, 172
theorem, 25
theory of relativity, 41
30-60-90 triangle, 197
transversal, 31

to three lines, 177
trapezoid, 148

area of, 273

isosceles, 148
triangle, 46

acute, 58

area of, 244

equiangular, 58, 107

equilateral, 58, 107, 278

isosceles, 58, 103

obtuse, 58

right, 59

scalene, 58

sum of the angles, 47
triangles:

congruent, 67

similar, 124, 162
triangular bracing, 115
trigonometric functions, 216

table of values of, 356
trigonometry, 215

unincluded side, 88
unit square, 244
units of measurement, 3

vertex:
of an angle, 8
of a triangle, 46
of a polygon, 130
vertical angles, 22

Z Theorem, 32, 352
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